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RIGIDITY, UNIVERSALITY, AND HYPERBOLICITY 
OF RENORMALIZATION FOR CRITICAL CIRCLE 
MAPS WITH NON-INTEGER EXPONENTS 

IGORS GORBOVICKIS AND MICHAEL YAMPOLSKY 


Abstract. We construct a renormalization operator which acts 
on analytic circle maps whose critical exponent a is not necessarily 
an odd integer 2n + I, n € N. When a = 2n + I, our definition 
generalizes cylinder renormalization of analytic critical circle maps 
|Yam02] . In the case when a is close to an odd integer, we prove 
hyperbolicity of renormalization for maps of bounded type. We 
use it to prove universality and C^“'"“-rigidity for such maps. 


1. Introduction 

Renormalization theory of critical circle maps was developed in the 
early 1980’s to explain universality phenomena in smooth families of 
circle homeomorphisms with one critical point, the so-called critical 
circle maps. By dehnition, a critical circle map is a homeomorphism 
of the circle T = M/Z with a single critical point of an odd integer order 
a > 1. A canonical example is given by the Arnold’s family which is 
constructed as follows. For 0 G M let 

A 0 {x) = X 9 — — sin 2 nx. 

ZTT 

The maps Ag are analytic orientation-preserving homeomorphisms M —?• 
M with critical points of cubic type at integer values of x. Since 
Ag{x -b 1) = Ag{x) + 1 , it projects to a well-defined critical circle map 
fg. Of course, values of 9 which differ by an integer produce the same 
maps fg, so it is natural to consider the parametric family 9 fg with 
9eT. 

To give an example of universality phenomena, let us describe the 
golden-mean universality. Let gg be a family of critical circle maps with 
critical exponent a, depending on a parameter 0 G T which is smooth in 
9 and has the property dgg{x)/d9 > 0 for all a; G M, where : M —)■ M 
is any lift of the family to a smooth family of homeomorphisms of the 
real line. The Arnold’s family is an example of such a family with 
a = 3. Fix p* = (-\/5 — l)/2, the inverse golden mean. This irrational 


Date: April 18, 2017. 


1 





2 


IGORS GORBOVICKIS AND MICHAEL YAMPOLSKY 


number has a continued fraction expansion 

1 


1 + 


1 + 


1 + ... 

(further on we will abbreviate such expressions as [1,1,1,...] for typo¬ 
graphical convenience). The n-th convergent of this continued fraction 
is a rational number 

Pn/qn = [1,1,1,...,!]. 


Suppose 9^ is a parameter for which the rotation number 

Pifej = P*- 

It is not hard to see that there is a sequence of closed intervals In 
consisting of parameters 6 for which p{fe) = Pn/qn, which converges to 
the parameter 9^. The empirical observation in this case is that their 
lengths 

|Jn| ~ 0(5“” 

for some a > 0 and (5 > 1. Moreover, (5 is a universal constant - its 
value is the same for all families of critical circle maps go with the same 
critic al expone nt a {so 6 = 5(q()). 

In ORSS 83 ] and |FKS82] this universality phenomenon was trans¬ 
lated into conjectural hyperbolicity of a renormalization transforma¬ 
tion IZ, a certain non-linear operator acting on the space of commuting 
pairs, where commuting pairs are pairs of maps closely related to crit¬ 
ical circle maps (see [2.2, [2.3 for precise dehnitions). The conjectures 
were fully developed in the works of O. Lanford |Lan861 ILan871 ILan88j 
and became known as Lanford’s program. 

Let us mention here the key steps of Lanford’s program, while a 
detailed discussion can be found in |Yamn2( lYamOd] . The program 
consists of proving the following statements: 

(1) Global horseshoe attractor. The renormalization operator 
IZ possesses a “horseshoe” attractor in the space of commuting 
pairs equipped with a G^-metric. The action of 7Z on the at¬ 
tractor is topologically conjugated to the shift on the space of 
bi-in£nite sequences of natural numbers. Moreover, the orbits 
of commuting pairs with the same irrational rotation number 
converge to the same orbit in the attractor. 

(2) Hyperbolicity of the attractor. There exists a neighbor¬ 
hood of the attractor that admits a structure of an inhnite di¬ 
mensional smooth manifold compatible with G”-metric. The 
horseshoe attractor is a hyperbolic invariant set of the renor¬ 
malization operator with respect to this manifold structure, and 
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the unstable direction at each point of the attractor is one¬ 
dimensional. 


Another important consequence of Lanford’s program is rigidity of 
critical circle mappings. The question of rigidity in the context of cir¬ 
cle homeomorphisms goes back Poincare, who showed that every circle 
homeomorphism with an irrational rotation number is semi-conjugate 
to a rigid rotation. In the particular case of critical circle maps Yoc- 
coz |Yoc84] proved that any two such maps fi, f 2 with the same irra¬ 
tional rotation number are topologically conjugated. This result can 
be thought of as an analog of the Denjoy’s theorem for circle diffeo- 
morphisms. Later Yoccoz showed that the conjugacy between critical 
circle maps /i and /2 is quasisymmetric. Finally, Khanin and Teplin- 
sky |KT07j proved that exponential convergence of the orbits of /i and 
/2 under renormalization implies (P^-smoothness of the conjugacy. Fur- 
t her mor e, if fi and /2 are of bounded combinatorial type (c.f. Dehni- 
tion 2.1), then according to |dFdM99] . this conjugacy is C^’''^-smooth, 


for some (3 > 0. 

A key breakthrough in the study of renormalization of one-dimensional 
dynamical systems in general and of critical circle maps in particular 
was made by D. Sullivan |Sul871 ISul92j who introduced methods of 
holomorphic dynamics and Teichmiiller theory into the subject. Ex¬ 
tending the ideas of Sullivan, McMullen |McM96j . Lyubich |Lyu99| , de 
Faria |dF99] and de Faria-de Melo |dFdM99l IdFdMOO] , the second au¬ 
thor brought Lanford’s program for analytic critical circle maps with 
G 2N -)- 1 to a successful completion in a series of works |Yam99 


a 

lYamOlt IYamn2t lYamOdl lYamlb] . In particular, in |Yamn2t lYamOd] he 
introduced a new renormalization transformation, known as the cylin¬ 
der renormalization operator 77cyi, and then showed that this operator 
has a hyperbolic horseshoe attractor with a one-dimensional unstable 
direction. 

It is well-known, that successive renormalizations of a C^-smooth 
map with a critical point of an odd order a > 1 converge to a certain 
space of analytic maps (cf. |dFdM99] ). and the above developments 
happened in the analytic realm. However, empirical observations of 
universality were made for families of differentiable homeomorphisms 
of the circle with the critical point at 0 of the form 


( 1 ) fjoq^o(j), 

where 0 and "0 are local C^-diffeomorphisms, 0(0) = 0 and 

(2) Qaix) = x\x\°'~^ where a > 1 


even when a is not an odd integer. It is clear that such maps cannot 
be analytic at zero, which does not allow to apply previously known 
analytic methods for maps of this type. 
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The above discussion naturally suggests the following definition: a 
homeomorphism /: T —)■ T is called an analytic critical circle map 
with critical exponent a, if it is analytic everywhere except possibly 
the critical point, in the neighborhood of which / can be represented 
in the form Q, where 0 and 0 are analytic. 

In this paper we complete Lanford’s program for analytic critical 
circle maps of bounded combinatorial type with values of the critical 
exponent sufficiently close to odd integers greater than 1. In particular, 
we 

( 1 ) extend the definition of renormalization operator TZcji in a suit¬ 
able fashion to a space of maps with critical points of the 
type 0 ; 

(2) extend the hyperbolicity results of |Yamn21 lYamOd] to maps 
with critical points of non-integer order, sufficiently close to 
odd integers greater than 1 and with bounded combinatorics; 

(3) prove existence of a global horseshoe attractor for renormaliza¬ 
tions of such maps. 

As a corollary of the above results, we prove 

(4) universality for families of analytic critical circle maps with val¬ 
ues of critical exponents sufficiently close to odd integers greater 
than 1 ; 

(5) C^’''^-rigidity for such maps of bounded combinatorial type. 

Let us mention, that a very different approach to questions similar to 
(l)-( 2 ) for renormalization of unimodal maps was suggested in |CSj . 

Before formulating our results, let us give a few useful dehnitions. 
Suppose, B is a complex Banach space whose elements are functions 
of the complex variable. Following the notation of |Yam02j . let us say 
that the real slice of B is the real Banach space B® consisting of the 
real-symmetric elements of B. If X is a Banach manifold modelled 
on B with the atlas we shall say that X is real-symmetric if 

o c B® for any pair of indices 71, 72 and any open set 

U C B®, for which the above composition is defined. The real slice of 
X is then defined as the real Banach manifold X® = U.yT0^(B®) C X 
with an atlas {'L 7 }. An operator A dehned on a subset Y C X is 
real-symmetric if AiY n X®) C X®. 

We prove the following theorems. 

Theorem 1 . 1 . For every positive integer fc > 0, there exists a real- 
symmetric analytic Banach manifold containing a disjoint union 

of sets parameterized by a & {2k-\-l — e,2k-\-l-\-e), e = e{k) > 0, so 
that for each such a, the set C" fl is non-empty and consists 

of analytic critical circle maps with critical exponent a. The cylinder 
renormalization operator TZcyi extends to a real-symmetric analytic op¬ 
erator on an open subset and if f & C“, for some parameter 

a, and lZcyi{f) is defined, then TZcyiif) € C". 
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Furthermore, 


Theorem 1.2. For every positive integer k > 0, there exists a real- 
symmetric analytic Banach manifold an open interval Ik C M, 

such that2k+l G Ik and a family of real-symmetric analytic maps small 
change here ia ■ C“ C that analytically depend on a & 

Ik- In addition to that, there exists a family of real-symmetric analytic 
operators Ha that analytically depend on a E Ik and are defined on a 
certain open subset so that the diagram 

]yj2fc+l y ]y[2A:-M 



C" C“ 


commutes, whenever all maps are defined. Moreover, for any positive 
integer B > 1, the operator IZ 2 k+i has a hyperbolic horseshoe attractor 
of type bounded by B with a one-dimensional unstable direction. 


The manifolds are “large”: the image contains 

an open neighborhood of the renormalization horseshoe attractor in the 
space of critical cylinder maps with the exponent 2k -I 1 constructed 
in |Yamn2] . Furthermore, in a forthcoming paper, we will demonstrate 
that renormalizations of smooth circle homeomorpshisms with a unique 
singularity of the form Q converge to 

It is worth pointing out that the maps ia '. —)■ C“ are not 

injective when a is rational. 

As a consequence of Theorem 1.2, we derive: 


Theorem 1.3 ( Renormalization hyperbolicity). For any pair of 
integers B,k > 1 there exists e > 0, such that for any a G (2/c + 1 — 
e,2k + 1 + e), the operator Ha has a hyperbolic horseshoe attractor of 
type bounded by B with a one-dimensional unstable direction. 


Hyperbolicity of the attractors in all of the above theorems is under¬ 
given in the next section. 


stood in the sense of Dehnition 2.20 


In order to simplify the notation, we will provide proofs of Theo¬ 
rems 1^, 1^, 1^ only for the case when k = 1. For k > 1 the proofs 
are identical, so for the remaining part of the paper we assume that in 
the above theorems the parameter k is always set to fc = 1. 

The above theorems establish the local hyperbolic structure of the 
horseshoe attractor of renormalization. What follows next are the 
global results. 

For every a > 1 we naturally dehne the space A°' of analytic com¬ 
muting pairs with the critical exponent a, so that renormalizations of 
analytic critical circle maps with singularity of the form Q belong to 


A'^ (c.f. Dehnitions 9.1, 9.3). Our hrst result is the following: 
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Theorem 1.4 (Global renormalization attractor). For every k, B E 
N, there exists an open interval J = J{k,B) C M, such that 2k + l G J, 
and for every a E J, the renormalization operator restricted to A°‘ has 
a global horseshoe attractor C .4." of type bounded by B. Further¬ 
more, renormalizations of any two commuting pairs ( 1,(2 ^ *4" with 
the same irrational rotation number of type bounded by B, converge 
exponentially in C'^-metric, for every non-negative r. 


In ^ we formulate and prove an expanded version of this theorem 
(c.f. Theorem 9.6). 

We will say that {ft \ t E (—1,1)} is a G^-smooth one-paremeter 
family of analytic critical circle maps with critical exponent a, if there 
exist neighborhoods V 2 C Vi C C/Z, such that T C 14, 0 G 1^2 and 
for every t, the critical circle map ft extends to an analytic function 
in 14 \ { Re z = 0} and to an analytic (multiple valued) function in 
14 \ {0}, where it can be represented as ft = 'ipt ° Qa ° 4>t, for some 
conformal maps (ft and ipt dehned on 14 and q'a( 4 t( 14 )) respectively. 
Furthermore (ft and ift are required to be G^-smooth in t and (ft{0) = 0. 

As a hrst consequence of Theorem 1.4, we obtain a universality state¬ 
ment: 


Theorem 1.5 (Universality). We adopt the notation of Theorem 
1.4\ Let p be an irrational rotation number of type bounded by B which 


is periodic under the Gauss map with period p: 


P= [ro,ri,...,rp_i,ro,...,rp_i,...]. 

There exists a positive integer N = N{k), with the property that for 
every a G J{k,B), there exists 5 = 5{p,a) > 1 such that the following 
holds. Suppose {ft \ t E (—1,1)} is a -smooth one-paremeter family 
of analytic critical circle maps with critical exponent a such that: 

• for every x G T, the derivative ^ft{x) > 0; 

• the rotation number p(/o) = p; 

Let —)■ 0 denote the seguence of closed intervals of parameters t such 
that the first Npm numbers in the continued fraction of p{ft) coincide 
with those of p. Then 


Im\ ^ aS for some a > 0. 


Furthermore, we prove the following rigidity result: 


Theorem 1.6 (Rigidity). Every two analytic critical circle maps with 
the same irrational rotation number of type bounded by B and with the 
same critical exponent a E Uk£nJ{k,B), are -conjugate, where 
4 > 0 depends on B and a. 


Having stated the main results, let us also highlight several con¬ 
ceptual issues that we handled in the paper. In the case of analytic 
critical circle maps (that is, when k eN) there are two complementary 
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approac hes for de fining renormalization. The “classical” one, going 
back to jORSSSSl IFKS82j is done in the language of commuting pairs 
(see Dehnition 2.2 below). In contrast, cylinder renormalization de- 
hned in |Yamn2] acts on analytic maps of an annulus, which restrict 
to critical circle maps (critical cylinder maps). Neither the classical 
dehnition of an analytic critical commuting pair, nor the dehnition of 
a critical cylinder map makes sense for the case when the singularity is 
of type ([^ with a ^ 2N + 1, since in this situation the iterates of our 
circle map cannot be analytically continued to a neighborhood of the 
origin. We hnesse this difficulty in ^for the case of commuting pairs 
and in ^ for critical cylinder maps. Moreover, we give a new proof 
of the existence of fundamental domains for cylinder renormalization 
which works for locally analytic maps and does not require any global 
structure. Finally, in ^we introduce a new framework which bridges 
the gap between the two dehnitions of renormalization, and allows us 
to extend renormalization hyperbolicity results to a ^ 2N + 1. 

The structure of the paper is as follows. In the next section ^ 
we recall the relevant facts of renormalization theory of critical circle 
maps. The reader can hnd a more detailed introduction in |Yam02j . 
In ^ we introduce the functional spaces that are used in the construc¬ 
tion of Banach manifolds from Theorems |1.1 and 1^ and discuss their 
properties. In ^ we lay the ground for extending cylinder renormal¬ 
ization of |Yamn2j to maps with non odd-integer critical exponents, 
and generalize the results of |Yamn2j on the existence of fundamental 
crescents. In ^ we give a generalized dehnition of cylinder renormal¬ 
ization. Then in ^ we construct the family of renormalizations T^q, 
acting on In ^ we extend the renormalization hyperbolicity 

results of |Yam021 IYam03j to a convenient setting. In ^ we complete 
the proof of renormalization hyperbolicity for a close to odd integers 
and derive Theorems 1.1 1.3 Finally, in ^we prove the global renor¬ 


malization convergence, universality, and rigidity Theorems 1.4 1.6 


Acknowledgment. The authors would like to thank Mikhail Lyubich 
for very helpful suggestions. 


2. Preliminaries 

2.1. Critical circle maps. To hx our ideas, we will always assume 
that the critical point of a critical circle map / is placed at 0 G T. 

Being a homeomorphism of the circle, a critical circle map has a well 
dehned rotation number p(/). It is useful to represent p(/) as a hnite 
or inhnite continued fraction 

P(/) = K, 7-1, r 2 ,...] with Ti e N. 

Note that an irrational number has a unique expansion as a continued 
fraction, so the following dehnition makes sense: 
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Definition 2.1. We will say that an irrational rotation number p{f) = 
[ro, ri, r 2 ,... ] (or / itself) is of a type bounded by a positive constant 
B, if sup„>or„ < B. 

For convenience of representing rational rotation numbers, let us add 
the symbol cx) with the convention 1/cx) = 0. Then 0 = [cx)]. For a 
non-zero rational rotation number p(/) we will use the unique finite 
continued fraction expansion 

P = [ro,ri,.. .,r,n:Oo] 

specified by the requirement > 1- For a rotation number p(/) = 
[ro, ri, r 2 ,... ] whose continued fraction contains at least m -|- 1 terms, 
we denote by Pm/qm the m-th convergent Pm/qm = [ro, • • •, r^-i] of 
p(/), written in the irreducible form. 

If /'*'™(0) 7 ^ 0, then we let 

(3) = 

denote the arc of the circle, which does not contain /'?™+^(0). We note 
that /'^™( 0 ) is a closest return of 0, that is, Im contains no iterates 
/^(O) with k < qm- 

2.2. Commuting pairs. For two points a,b G M, by [a, b] we will 
denote the closed interval with endpoints a, b without specifying their 
order. 

Definition 2.2. Let a, 6 G M be two real numbers, one of which is 
positive and another negative, and consider two intervals = [a, 0 ] 
and = [6,0]. A commuting pair of class C’’, r > 3 (C°°, analytic) 
acting on the intervals In, I^ is an ordered pair of maps ( = 
p: In ^ [a, b], f: ^ [a, b] with the corresponding smoothness, such 

that the following properties hold: 

(i) a = .^( 0 ) and b = p( 0 ); 

(ii) there exist C^-smooth {C°°, analytic) extensions f): M 

and ^M of p and f respectively to some intervals In ^ 
In and D I^, such that p and f are orientation-preserving 
homeomorphisms of In and respectively, onto their images, 
and 

p o ^ o p 

where both compositions are defined; 

(in) t)'{x) 7 ^ 0 for all x G in \ {0}, and i'{y) 7 ^ 0 for all p G /^ \ {0}; 

and 0 is a cubic critical point for both maps; 

(iv) ^op(O) G In- 

Definition 2.3. An analytic commuting pair ( = (p, ^ will be called 
a critical commuting pair. 
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Given a commuting pair ( = we can identify the neigh¬ 

borhoods of the point p(0) and ^ o p(0) by the map ^ from prop¬ 
erty [(^ of Dehnition 2.2 As a result of this identihcation, the interval 


[p(0),^ o 77 ( 0 )] is glued into a smooth one dimensional compact man¬ 
ifold M diffeomorphic to a circle. It aso follows from property (ii) of 


Dehnition 2.2 that the map 


/c(^) = 


r/o^(x), if X e [r7(0),0], 

if X e [^op( 0 ), 0 ] 


projects to a smooth homeomorphism of M to itself that can have a 
unique critical point at the origin. Notice that there are many ways of 
putting an affine structure on the manifold M, which gives rise to the 
whole conjugacy class (the smoothness of the conjugacy is the same as 
that of the commuting pair) of critical circle maps that are conjugate 
to 


2.3. Renormalization of commuting pairs. 


Definition 2.4. The height xiO of ^ commuting pair ( = is the 
positive integer r, such that 

0e[VK(0)),V«K(0))). 

If no such r exists, we set x(C) = 00 . 

If x(C) = 7 ^ 00 and 7 ^ 0, one can verify that 

C = (h’’ 

is a commuting pair acting on the intervals [ 77 '’(■^(0))) 0]- If is known 
as the pre-renormalization of ( and denoted by pTZC- 


Definition 2.5. If x(((’) = r ^ 00 and 7 ^ 0, then the renormal¬ 

ization TZ( of a commuting pair ( = ( 77 , is dehned to be the affine 
rescaling of the commuting pair ( = pTZ(: 

TZC = {ho rj'^ o ^ o h o T] o h~^), 

where h{x) = x/ri{0). It is a commuting pair acting on the intervals 

|o, 1], h([>)’'K(0)),0]). 

Definition 2.6. For a commuting pair ( dehne its rotation number 
p(C) £ [ 0 , 1 ] to be equal to the continued fraction [ro,ri,...], where 
I’n = x(^"'C)- Here, as before, l/oo is understood as 0. 


It is easy to see that the renormalization operator acts as a Gauss 
map on rotation numbers: if p{() = [r, ri, r 2 ,... ], then p{lZQ = 
[ri,r 2 ,...]. 

The following proposition can be easily verihed: 


Proposition 2.7. For a commuting pair ( the rotation number of the 
map F(^ from 


2.2 is equal to p{C)- 







10 


IGORS GORBOVICKIS AND MICHAEL YAMPOLSKY 


2.4. Prom critical circle maps to commuting pairs. Consider a 

critical circle map / with rotation nnmber p{f) = [ro,ri,...], whose 
continned fraction expansion contains at least m + 2 terms. As before, 
set Pm/Qm = [ro, ■ ■ ■,rm-i] and Pm+i/qm+i = [’^o, and let = 

[0, and Im+i = [0) be as in At the cost of a minor abuse 

of the notation, identify these intervals with their lifts to (—1,1) C M. 
The pair of maps 

is a commuting pair acting on the intervals Jm, Im+i- Note that, if for 
a given critical circle map /, the corresponding commuting pairs Cm 
and Cm+i are dehned, then Cm+i is the pre-renormalization of Cm- This 
motivates the following dehnition: 

Definition 2.8. For a critical circle map / and a positive integer m 
as above, we denote 

p7^™/ ^ Cm, 

and we dehne TZ^f to be the affine rescaling of the commuting pair Cm^ 
n^f = {ho o h-\ hofi^o h-^), 

where h{x) = x//‘'"*(0). 

2.5. Epstein class. Given an open (possibly unbounded) interval J C 
M, let Cj = C \ (M \ J) denote the plane slit along two rays. We will 
say that a topological disk is an open simply-connected (not necessarily 
bounded) region in C. 

Definition 2.9. For a G M, a 7^ 0, let / denote the interval I = 
[0,a]. The Epstein class E/ consists of all maps gn J —)■ M such that 
g is an orientation preserving homeomorphisms of I onto its image 
g{I) = J, and there exists an open interval J D J with the property 
that g extends to an analytic three-fold branched covering map of a 
topological disk G D I onto the double-slit plane Cj with a single 
critical point at 0. Let E denote the union E = E/ over all non¬ 
degenerate intervals I. 

Any map G E in the Epstein class can be decomposed as 
(4) g = Qc oh, 

where Qc{z) = + c, and h : / —)■ M is an analytic map with h{0) = 0 

that extends to a biholomorphism between G and the complex plane 
with six slits, which triple covers Cj under the cubic map Qc{z). In 
what follows, we will always assume that for an Epstein map : J —)■ M, 
and J = g^I), the interval J D J is the maximal (possibly unbounded) 
open interval, such that g extends to a triple branched covering of a 
topological disk G onto Cj. 

We say that two positive constants a and f3 are K-commensurable 
for some K > 1 if 

K-^a <(3<Ka. 


CRITICAL CIRCLE MAPS WITH NON-INTEGER EXPONENTS 


11 


Definition 2.10. For any s E (0,1) and an interval / = [0,a] C M, 
let d E/ be tire set that consists of all q ^ E^, snclr that both 
|/| and dist(/, J) are s“^-commensurable with |J|, the length of each 
component of J \ J is at least s| J|, and g'{a) > s. 

We recall that the distortion of a conformal map / in a domain 
f/ C C is defined as 

Distortionc/(/) = sup ' 

z,w£U \ J (it) I 

The following lemma was proved in lYamOlj : 

Lemma 2.11 (Lemma 2.13 |Yam01j L For any s E (0,1) and an in¬ 
terval I = [0,a] C M, there exists a domain Oj g T) I, such that for any 
g E E/_s; the univalent map h in 0 is well-defined in Oj g and has 
K(s)-bounded distortion in Oj^s- 

We will often refer to the space E as the Epstein class, and to each 
Fij s as an Epstein class. 

We say that a critical commuting pair ( = [g, belongs to the (an) 
Epstein class if both of its maps do. Allowing some abuse of notation, 
we will denote the space of all commuting pairs from the Epstein class 
by E. Similarly, for any s E (0,1), by E^ we will denote the space of 
all commuting pairs such that g E Ejo^j^s and f E E/^^, where 

I = [ 0 , 77 ( 0 )]. It immediately follows from the definitions that: 

Lemma 2.12. If a renormalizable commuting pair ( is in the Epstein 
class, then the same is true for TZC,. 

The following lemma is a consequence of real a priori bounds (c.f. 
IdFdMOOj h 

Lemma 2.13. For any s E (0,1), there exist positive constants C > 1 
and A < 1, such that if ( E Fg is k-times renormalizable and I’f = 

U /| denotes the domain of the commuting pair pTZ’^C, then 

|/f I < CXK 

2.6. Caratheodory convergence. Consider the set of all triples {U, u, /), 
where C C is a topological disk, m G 17 is a marked point in U, 
and /:[/—)■ C is an analytic map. Recall (cf. |McM94] ) that the 
Carathedory convergence on this set is defined in the following way: 
(Un, Un, fn) {U, u, /), if and only if 

• Un ^ U E U, 

• for any Hausdorff limit point K of the sequence C\Un, U is 
the component of C \ 77 containing u, and 

• for all n sufficiently large, fn converges to / uniformly on com¬ 
pact subsets of U. 











12 


IGORS GORBOVICKIS AND MICHAEL YAMPOLSKY 


For a topological disk U <Z C, U ^ C and u & U let R[u,u) : D — )■ 17 
denote the inverse Riemann mapping with normalization R(u,u) (0) = n, 
R[uu)(^) >0. By a classical resnlt of Caratheodory, if neither U, nor 
Un are eqnal to C, then the CarathMory convergence (Un,Un, fn) —t 
(17, u, /) is eqnivalent to the simnltaneons convergence R(Un,u„) R(u,u) 
and fn^f nniformly on compact snbsets of D and U respectively. 

As before, for an Epstein map g let J be the maximal (possibly 
nnbonnded) open interval, snch that g extends to a triple branched 
covering of a topological disk G onto Cj. Notice that the pair {g, J) 
nniqnely determines the topological disk G, hence we can associate to 
any g eE the triple {G,0,g). In this way, the space E of all Epstein 
maps can be eqnipped with Caratheodory convergence. 

Let ns make a note of an important compactness property of E/ 

Lemma 2.14 (Lemma 2.12 |Yamni] L For any s G (0, 1) and an inter¬ 
val I = [0,a], where a G M, a 7 ^ 0, the set E/^^ is sequentially compact 
with respect to Caratheodory convergence. 


The space of all commnting pairs from the Epstein class can be 
eqnipped with Caratheodory convergence dehned as Caratheodory con¬ 


vergence of each of the maps forming the commnting pair. Now Lemma [2.14 
implies the following statement: 


Proposition 2.15. For any s G (0,1), the set E^ of critical commuting 
pairs is sequentially compact with respect to Caratheodory convergence. 


Proof. By dehnition, the set E^ consists of all critical commnting pairs 
snch that rj G E[o,i],s and f G Eps, for some interval /. According 
to Lemma 2.14, the set E[o,i],s is seqnentially compact. Since ^(0) = 1, 
it follows from the dehnition of the class E/^^ that the nnmber |/| is 
i7(s)-commensnrable with 1, where K{s) is some constant that depends 
on s. This implies that the set of all maps snch that (?7,0 ^ is 

also seqnentially compact. The rest of the proof follows easily. □ 


2.7. Renormalization horseshoe. The following theorem was proved 
by the second anthor in [Yamnij . It generalizes the resnlts of de Faria 
|dF99j and de Faria & de Melo |dFdM00] for pairs of a bonnded type. 
Consider the space of bi-in£nite seqnences 

S = {(..., r_fc,..., r_i, ro, ri,..., rfc,...) with r* G N} 

eqnipped with the weak topology - the coarsest topology in which the 
coordinate projections are continnons. Denote by a : S —)■ S the right 
shift on this space: 

cr: (rfc)“^ ^ (^-fc+O-oo- 

Theorem 2.16. There exists s > 0 and an IZ-invariant set X C E^ 
consisting of commuting pairs with irrational rotation numbers with the 
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following properties. The aetion of TZ on X is topologically conjugate 
to the shift ct:S—)-S; 

loTZo = a, 


and if 

( = r-k, • • •, r_i, ro, ri,..., rfc,...), 

then 

p{C) = [ro,ri,...,rfc,...]. 

The set X is seguentially pre-compact in the sense of Caratheodory 
convergence, its closure X C E is the attractor for renormalization. 
That is, for any analytic commuting pair C ^ E with irrational rotation 
number we have 

TZ^C-^X 

in the sense of Caratheodory convergence. Moreover, for any two com¬ 
muting pairs C, G E with egual irrational rotation numbers p{() = 
p(C0 we have 


(5) 


dist(7^X,7^"C') ^0 


for the uniform distance between analytic extensions of commuting 
pairs on compact sets. 


Remark 2.17. In |dFdM00] de Faria and de Melo extended the result 
of Theorem |2.16| by proving the convergence (|^ for all (not necessarily 
Epstein) critical commuting pairs C,, (' with equal irrational rotation 
numbers p{() = p(C0- 

Furthermore, in |Yam021 IYam03j it was shown that the above attrac¬ 
tor is hyperbolic in a suitable sense. More specihcally, in |Yam02j the 
second author constructed a real-symmetric Banach manifold W of 
critical cylinder maps, such that the elements of W® are analytic crit¬ 
ical circle maps. Furthermore he constructed a continuous projection 
TTw from an open neighborhood of X in E to W, which, on the image, 
semi-conjugates 77^ for a hxed /c G N to a real-symmetric analytic op¬ 
erator 77cyi: V —?■ W called the cylinder renormalization and dehned 
on an open set V in W: 

TTw O Rf = IZcyl o TTw- 

The projection ttw also satishes the following properties: 


Proposition 2.18. (i) //7rw(Ci) = '^w(C 2)7 for some C 15 C 2 from 

a neighborhood ofX in E, then the Epstein pairs IZtfi and 77^2 
are conformally conjugate in a neighborhood of their intervals 
of definition. 

(a) Conversely, suppose and (2 ore conformally conjugate in 
some neighborhoods of their intervals of definition and and p(Ci) = 
p(C 2 ) ^ Q- Then there exists n > 0, such that 7rw(77"'Ci) = 
7rw(77"'C2)- 
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(in) The rotation number of the critieal circle map 7rw(C) ‘Is equal 
to the image of p{() under the Gauss map. 

Finally, we have the following: 

Theorem 2.19. jYamn.l] DenoteX = 7rw(2^)- Then the attractor I C 
V is a uniformly hyperbolic set foriZcyi with a complex one-dimensional 
unstable direction. 


It is important to note that the operator 7?.cyi is not injective on 
V: the images under T^cyi of two analytic maps which are conformally 
conjugate in a sufficiently large neighborhood (see Proposition 2.18 


or |Yamn2] for details) coincide. Uniform hyperbolicity of X is under¬ 
stood in the sense of Dehnition 12.201 below. 

we need to introduce the fol- 


Before proceeding to Dehnition 2.20 


lowing notation: let U be an open set in a smooth Banach manifold M. 
Consider a C^-smooth (not necessarily injective) mapping /: f/ —)■ M 
that possesses a forward invariant set Act/. Let A be the subset of 
the direct product A^ that consists of all histories in A, i.e. 

A = {(a;i)i<o: Xi e A;f{xi) = Xi+i}. 

The metric on A^ is dehned by 

diixi), (yi)) = ^2*||xi - yi\\. 
i<0 


The restriction /|a lifts to a homeomorphism /: A —)■ A dehned by 
/((xj)) = (xj+i). The natural projection from A to A sends (xj) to Xq, 
and the pullback under this projection of the tangent bundle TaM is a 
tangent bundle on A. We denote this tangent bundle by T^. Explicitly, 
an element of is of the form ((xi),v), where (xi) E A and v E Xr^M. 
The diherential Df naturally lifts to a map Df\ —)• T^. 

Definition 2.20. We say that the map / is hyperbolic on A, if there 
exists a continuous splitting of the tangent bundle = U® © E'^, such 
that Df{E'^/^) = and there exist constants c > 0 and A > 1, such 
that for all n > 1, 

||X>r(n)|| > cA”||n||, n G 
||X>r(n)|| < c-^A-^IInll, v E E\ 

Note that the hber of the stable bundle at a point {xi) C A 
depends only on the point xq C A. 

We also notice that the set X is not compact in W and its closure is 
not contained in V. In particular, this means that a priori, the existence 
of local stable/unstable manifolds is not guaranteed at every point of 
X. However, the following was shown in |Yamn3j : 
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Theorem 2.21. For any f G I there exists a local stable manifold 
W^{f) C V passing through the point f. Moreover, W^{f) H W® con¬ 
sists of all critical circle maps g that are sufficiently close to f and such 
that p\g) = p{f). 

2.8. Holomorphic commuting pairs and complex a priori bounds. 
De Faria |dF99j introduced holomorphic commuting pairs to apply 
Sullivan’s Riemann surface laminations technique to the renormaliza¬ 
tion of critical circle maps. They are suitably dehned holomorphic 
extensions of critical commuting pairs which replace Douady-Hubbard 
polynomial-like maps |DH85j . A critical commuting pair C, = 
extends to a holomorphic commuting pair Ft if there exist three simply- 
connected M-symmetric domains D,U,V C C whose intersections with 
the real line are denoted by /[/ = f/ fl M, Jy = R fl M, Id = H fl M, and 
a simply connected M-symmetric Jordan domain A, such that 

• D, U, V C A; UnV = {0} C D; the sets U\D, V\D, D\U, 
and D \V are nonempty, connected, and simply-connected; 
Jr, C /;/ U {0}, C Jy U {0}; 

• the sets U r\M.,V flEI, HflEI are Jordan domains; 

• the maps p and f have analytic extensions to U and V re¬ 
spectively, so that ?7 is a conformal diffeomorphism of U onto 
(A \ M) U p{Iu)i and is a conformal diffeomorphism of V onto 
(A\M)ue(/y); 

• the maps r/ :[/—)■ A and : R —)■ A can be further extended to 
analytic maps p: U U JJ A and f: R U D —)■ A, so that the 
map u = po^ = fop is dehned in D and is a three-fold branched 
covering of D onto (A \ M) U p(/d) with a unique critical point 
at zero. 

We shall identify a holomorphic pair FL with a triple of maps FL = 
{pyfyv), where p: U ^ A, f: V ^ A and u: D ^ A (c.f. Figure [^. 
We shall also call ( the commuting pair underlying FL, and write ( = 
When no confusion is possible, we will use the same letters p and f to 
denote both the maps of the commuting pair (y and their analytic 
extensions to the corresponding domains U and R. 

The sets fly = D U U U V and A = Ay will be called the domain 
and the range of a holomorphic pair FL. We will sometimes write hi 
instead of fly, when this does not cause any confusion. 

We can associate to a holomorphic pair FL a piecewise dehned map 

Sy.fl^A: 



ii z &U, 


a zeV, 

v{z), 

a z efi\{uuv) 


De Faria |dF99] calls Sy the shadow of the holomorphic pair FL. 
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Figure 1. A holomorphic commuting pair. 

If C,H is renormalizable with height r, then the pre-renormalization of 
the corresponding holomorphic pair Ti is dehned in an obvious fashion, 
as a holomorphic commuting pair pTZ{'H) = rj, o u) with range 

A and the following domains U',V',D'\ 

• V' = U] 

.U' = o where f/ = (F \ M) U ( 0 , o ^)( 0 )); 

• D' = where fj is the analytic extension of rj to the 

domain D UU, and fj~^ denotes the full preimage. 

The renormalization TZ['H) is, as usual, the linear rescaling of pTZ{'H) 
sending p{0) to 1. Clearly, Ti is renormalizable if and only if is 
renormalizable and we have 

Cnin) = T^iCn)- 

We can naturally view a holomorphic pair Ti as three triples 

{V,pi0),O, {D,0,u). 

We say that a sequence of holomorphic pairs converges in the sense of 
Caratheodory convergence, if the corresponding triples do. We denote 
the space of triples equipped with this notion of convergence by H. 
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We let the modulus of a holomorphic commuting pair "H, which we 
denote by mod('H) to be the modulus of the largest annulus A C A, 
which separates C \ A from 

Definition 2.22. For G (0, 1) let H(/i) d D denote the space of 
holomorphic commuting pairs H : fly, —)■ Ay, with the following prop¬ 
erties: 

(i) mod(7f) > yu; 

(ii) 141 = 1, 141 > jj and |i7“40)l > hi 

(iii) , dVy) / (fiaiaVy > fi and dist(^(0), cit4)/diamf4 ^ 

/i, 

(iv) the domains Ay, Uy fl H, Vy fM. and Dy fl El are 
quasidisks. 

(v) diam(A^) < l//i; 

Lemma 2.23 (Lemma 2.17 |Yam01j L For each /x G (0,1) the space 
H(/i) is sequentially compact. 

We say that a real commuting pair C, = (i], 0 with an irrational rotation 
number has complex a priori bounds, if there exists fi > 0 such that all 
renormalizations oi ( = {p,^) extend to holomorphic commuting pairs 
in HM. The existense of complex a priori bounds is a key analytic 
issue of renormalization theory. Before proceeding with the theorem on 
complex bounds for critical circle maps, we need to give the following 
dehnition: 

Definition 2.24. For a set S' C C, and r > 0, we let W(S) stand for 
the r-neighborhood of S in C. For each r > 0 we introduce a class Ar 
consisting of pairs {rj,C) such that the following holds: 

• p, ^ are real-symmetric analytic maps dehned in the domains 

W([0,1]) and iVr|r,(o)|([0,?7(0)]) 

respectively, and continuous up to the boundary of the corre¬ 
sponding domains; 

• the pair 

C = (hl[0,l],^|[0,r,(0)]) 

is a critical commuting pair. 

For simplicity, if C, is as above, we will write C, G Ar- But it is important 
to note that viewing our critical commuting pair C, as an element of Ar 
imposes restrictions on where we are allowed to iterate it. Specihcally, 
we view such C, as undehned at any point 2 ; ^ W([0, iC(0)])UA^([0, //(O)]) 
(even if C, can be analytically continued to z). Similarly, when we talk 
about iterates of C ^ we iterate the restrictions ?7|Ar,.([o,$(o)]) and 
4N^([o,Ty(o)]- In particular, we say that the hrst and second elements 
of p7Z( = {p^ o 4 p) are dehned in the maximal domains, where the 
corresponding iterates are dehned in the above sense. 
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For a domain C C, we denote by D(f2) the complex Banach 
space of analytic functions in continuous up to the boundary of 
and equipped with the sup norm. Consider the mapping i\ Ar ^ 
D(Ar,([0, 1])) X D(iV^([0, 1])) dehned by 

( 6 ) i(? 7 , ,^) = (? 7 , h o ^ o where h[z) = z/ r]{Qi). 

The map i is injective, since 17 ( 0 ) completely determins the rescaling 
h. Hence, this map induces a metric on Ar from the direct product of 
sup-norms on D(A^r([0, 1])) X D(iVj.([0, 1])). This metric on Ar will be 
denoted by distr.(-, •). 


Theorem 2.25 (Complex bounds). There exists a universal con¬ 
stant > 0 such that the following holds. For every positive real num¬ 
ber r > 0 and every pre-compact family S <Z Ar of critical commuting 
pairs, there exists N = N{r, S) E N such that if ( E S is a 2n times 
renormalizable commuting pair, where n > N, then pTZ^C, restricts to a 
holomorphic commuting pair Tin : Hn —t with An C Nr{Iri)UNr{I^). 
Furthermore, the range An is a Euclidean disk, and the appropriate 
affine rescaling of Tin is in H(/i). 


Theorem 2.25 was hrst proved in |Yam99] for critical commuting 
pairs from the Epstein class. This proof was later adapted by de Faria 
and de Melo |dFdM00] to the case of non-Epstein critical commuting 
pairs. We note that both in jYam99j and in [dFdMOO] this theorem was 
formulated for a single critical circle map (or commuting pair) with an 
irrational rotation number, however the uniformity of the estimates in 
a pre-compact family stated above is evident from the proofs. 


3 . The functional spaces 

3.1. The spaces of generalized analytic critical cylinder maps 

Cr and C". According to the standard terminology, an analytic crit¬ 
ical circle map is a critical circle map which is analytic at every point 
of the circle including the critical point. This implies that the critical 
exponent is an odd integer not smaller than 3. In this section we gen¬ 
eralize the class of analytic critical circle maps to include maps with 
other critical exponents. 

For a hxed positive real number 0 < r < 1/2, let C C be the 
r-neighborhood of the interval [ 0 , 1 ] with the points 1 and 0 removed: 

Ar = {z E C \ dist(^, [0,1]) < r} \ {0,1}. 

The universal cover Ar of Ar can be identihed with the space of all 
pairs {z, 7), such that z E Ar and 7 is a homotopy class of paths in Ar 
which begin at \ and end at 2 ;. We dehne the surface Ur as the subset 
of the universal cover Ar, consisting of all pairs {z, 7) G Ar, such that 7 
has a representative that enters the disks 0 ^( 0 ) or 0 ^( 1 ) no more than 
once and lies either entirely to the left or entirely to the right from the 
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vertical line Re^ = 1/2. The surface Ur inherits a complex analytic 
structure as well as the Euclidean distance from Ar via the projection 
of Ur onto the first coordinate. If / is an analytic function on Ur, then 
/ can be viewed as a multiple-valued analytic function on Ar. We will 
write fizyj) for the value of / at ( 2 :, 7 ) G Ur, and we will write f{z) 
when we view / as a multiple-valued function. If 7 has a representative 
that lies in Ar \ {{— 00 , 0) U (1, -|-oo)), we will shorten the notation for 
f{z,'y) by writing f{z,'y) = f{z), provided that this does not cause 
any confusion. By Ur we denote the completion of Ur with respect to 
the Euclidean distance. 

Definition 3.1. For a positive real number r > 0, let denote the 
space of all functions /: Ur ^ C that are analytic on Ur, continuous on 
Ur, and satisfy the identity /(O) = /(I). Equipped with the sup-norm, 
the space is a complex Banach space. 

Let vr: C —)■ C/Z be the natural projection. Every map /: M/Z —)■ 
C/Z naturally lifts to a (non-uniquely dehned) map /: [0,1] —)■ C, such 
that 

(7) 7ro/ = /o7r. 

Definition 3.2. Given a positive real number r > 0, we define the 
set of generalized cylinder maps to be the space of all continuous 
maps /: M/Z —)■ C/Z, such that any lift of / to a map of [0,1] —)■ C 
has an analytic extension /: f/r —t C that is continuous on Ur, and 

/(i) = m + 1. 

Let Vj. C C/Z be an equatorial neighborhood defined by 

(8) w = {z e C: |Im. 2 | < r}/Z C C/Z. 

Let / G Cr, and let / : —)■ C be as in Dehnition 

/ down by the covering map vr : C —)■ C/Z we obtain a multiple¬ 
valued map from Vr to C/Z, which restricts to / on the circle. In what 
follows, we will identify / with this particular multiple-valued analytic 
continuation. Whenever we iterate the multivalued map /, we will 
specify the choice of the branches. 

Proposition 3.3. For any positive real number r > 0, the set has 
a structure of an affine complex Banach manifold modeled on Ar- 

Proof. For any map f : Ur ^ C which is a lift of a map / G C,. via 
the relation Q, and for any map g G Cr from a sufficiently small 
neighborhood of /, let Ur ^ C be the unique lift of g via the same 
relation ([^, such that the mapping 1 —^ is continuous in the uniform 
metric and takes / to /. Then for any such / we can consider a local 
chart CTj: (C^,/) —?■ A^ defined in a small open neighborhood of / in 
Cr by the relation 

9^9-f- 


3.2 


Pushing 
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It is obvious that the transition maps a? o a-^ are affine, hence is 

■'I J2 

an affine complex Banach manifold modeled on A,,. □ 

We denote Cf the real slice of the Banach manifold C,.. It consists 
of all maps from which map the circle M/Z to itself. 

Definition 3.4. Let t/ C C be a simply connected neighborhood of a 
point Zo, and consider a possibly multiple-valued analytic map f '■ U \ 
{zo} —t C. We say that / has a critical exponent a G C at Zq, if in a 
neighborhood of Zq the map / can be represented as 

f{z) = ij{{cj){z))‘^), 

where 0 , '0 are locally conformal maps, = 0 , and z ^ z°‘ is an 

appropriate branch of the power map. 

Definition 3.5. Given a positive real number r > 0 and a complex 
number a G C, a 7 ^ 1, we dehne the set of generalized critical cylinder 
maps C“ C Cr to be the set of all maps / G C^, whose lift to the 
interval [0,1] has an analytic extension fUr —)■ C/Z with critical 
exponent a at 0 and 1 . 

Definition 3.6. When a = 3 (or any other odd integer greater than 
3), we dehne C" C C“ to be the proper subset of C“ that consists of 
all maps / G C“ which are analytic in W- In other words, all branches 
of the map / in the disk of radius r around zero coincide. 

Remark 3.7. For any a G 2N -|- 1, the set C“ is a submanifold of 
(c.f. |Yamn2] i. 

3.2. The spaces of critical triples ^u,t,h and In what fol¬ 

lows, we will hnd it convenient when perturbing an analytic critical 
circle map / to a map with a critical exponent a 7 ^ 2 n -|- 1 to hrst 
decompose / into the form ([^ and then perturb each of the terms in 
the decomposition separately. To lay the ground for this discussion, we 
introduce a suitable space of decompositions ([^ below. We note that 
the main difficulty here is to dehne these decompositions globally in a 
neighborhood of the circle (rather than just in a neighborhood of the 
critical point), so that the space of decompositions is invariant under 
renormalizations. 

Given a positive real number a > 1, the function 

Pa+ '■ C \ —)■ C 

is dehned as the branch of the map z z°' which maps positive reals 
to positive reals. Similarly we dehne the function 

: C \ M+ ^ C 

as the branch of the map z h-)■ — (—z)" which maps negative reals to 
negative reals. 
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Remark 3.8. Functions pa+ and pa- can be defined for any a G C by 
means of analytic continuation in a-coordinate. 

Given a positive real number t > 0, let denote the straight line 
segment connecting the points \ +it and \ —it. Similarly, let If denote 
the straight line segment connecting the points —^+it and — it. 

Consider a simply connected domain U which contains both and 
If as well as the interval [—|, ^]. For a complex number a 7 ^ 0 and 
a univalent analytic function 0: f/ —)■ C, let us assume that 4>{I^) 
and 4>{If) lie in the domains of the functions pa+ and pa- respec¬ 
tively. We define a closed curve C C which consists of four 

pieces: Pq+( 0 (J^’^)), pa-{(l>{If)) and the two straight line segments ii, 
I 2 connecting Pq,+ ( 0 (| -f- it)) with pa-{4>{—\ + it)) and Pa+{4>{\ — 
with Pq,_(0(—^ — it)) respectively. 

Let us make the following simple observation: 

Proposition 3.9. The curve is simple, closed and bounds a qua¬ 
sidisk if and only if the following four conditions hold: 

• the curves Pa+{((>{If')), Pa-{4>{If)) are simple and disjoint; 

• the line segments ii and £2 are disjoint; 

• the segments l\, £2 do not instersect with the curves pa+iffilt')), 
Pa-{(t>{If)) except at the end points, and 

• the curves pa+{4>{It~)), Pa-{4>{If)) are not tangent to £ 1 , £2 at 
their intersection points. 

Definition 3.10. Suppose is simple, closed and bounds a qua¬ 
sidisk. Then we denote this quasidisk by (see Figure]^. 



f - 

If 

i + *t \+it 

U ^ 

i: 

7 




1 1 




V _ \-it J 



Figure 2. A domain 
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Definition 3.11. For a positive real number t > 0, a complex number 
a ^ 0 and a Jordan domain U <Z C that contains the set U U 
|], by we denote the set of all analytic maps 0: 17 —)• C that 
satisfy the following properties: 

(i) the map 0 continuously extends to the closure U, and 0(0) = 0, 
0'(O) = 1; 

(ii) the map 0 is univalent in a neighborhood of U hi 

(hi) the quasidisk Q(j,^a,t as well as the curves Pq_( 0((—0])) and 
Pa+(0([O, |))) are defined, and p„_(0((-|, O])),p„+(0([O, |))) C 

(iv) every straight line through the origin intersects the boundary 
of the quasidisk transversally at exactly two points. 


Let 17 C C be a simply connected domain containing the origin. By 
Au we denote the space of all bounded analytic functions (j): U ^ C 
that are continuous up to the boundary, and satisfy the properties 
0(0) = 0, and 0'(O) = 1. We note that Au equipped with the sup- 
norm forms an affine complex Banach space (the space Au — id is a 
complex Banach space). 

The next statement follows from obvious continuity considerations: 


Proposition 3.12. For every t, a and U as in Definition 3.11 , the 
set is an open subset of the affine Banach space Au, hence it is a 
complex Banach manifold, modeled on Au- 


Proof. It follows from Proposition 3.9 that the quasidisk Qct,,a,t exists 
for all maps 0 from a certain open subset of Au- All other properties 


of Definition 3.11 also define open subsets in Au. 
intersection of these open subsets, hence it is also open. 


The set Bg-^ is the 
□ 


Definition 3.13. We define the set Bu,t as the union of all pairs {a, 0), 
such that a G C, a 7 ^ 0, and 0 G Bg-^. 


Similarly to Proposition |3.12 
following proposition: 


considerations of continuity yield the 


Proposition 3.14. The set Bf/^ is an open subset of the direct product 
of Banach spaces C x Au, hence it is a complex Banach manifold, 
modeled on C x Au. 


For a positive real number h > 0, we denote by U/j the set of all 
1-periodic functions that are defined and analytic in the strip {z G 
C: I Im 2 ;| < h} and continuous up to the boundary of this strip. The set 
equipped with the uniform norm is a complex Banach space. As be¬ 
fore, for a positive real number h, we denote by Vh the h-neighborhood 
of the equatorial circle in C/Z defined in ([^. 

Definition 3.15. For a fixed real number h > 0, we denote by T)h 
the set of all analytic functions 0: Vh —)■ C/Z such that the following 
properties hold: 
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• ^|J continuously extends to the boundary of 14; 

• the image of the unit circle under 4 is homotopic to the equa¬ 
torial circle T C C/Z. 

• 4 is univalent in a neighborhood of T C C/Z. 

We immediately notice that 

Lemma 3.16. Each set D/j has a structure of a complex Banach man¬ 
ifold modeled on U^. 


Proof. For a map g EUh, the map 

f{z) = 9{z) + z 

is a lift of some / G T)h via the relation Q. The constructed corre¬ 
spondence 5^ I— )■ / is an affine covering map from Uh onto the space of 
all analytic functions i/: 14 —t C/Z that satisfy the hrst two properties 
of Dehnition|3.15[ The last property of Dehnition|3.15|dehnes D/j as an 


open subset of the former space, hence D/^ is an affine complex Banach 
manifold modeled on U/j. □ 


Definition 3.17. Given a neighborhood of the origin f/ C C with 
Jordan boundary and positive real numbers t,h > 0 , by Pu,t,h we 
denote 

Pu,t,h = Pu,t X D/i. 


In other words, Pu,t,h is the set of all triples (a, 0,4), such that a G C, 
a 7 ^ 0, 0 G and fj G D/j. 


Definition 3.18. For a fixed a G C, such that a 7 ^ 0, we denote by 
Pijt h ^ Pc/,t,h fhe set of all elements from Pu,t,h whose first coordinate 
is equal to a. The set Pfn^ ^e identified with the direct product 


Finally, let us formulate an immediate corollary from Proposition|3.12 


Proposition 3.14 and Lemma 3.16 


Lemma 3.19. The space Pu,t,h has the structure of a complex Banach 
manifold. For each a G C, a 7 ^ 0, the space is a complex Banach 

submanifold ofPu,t,h of complex codimension 1 . 


3.3. Generalized critical cylinder maps in Pu,t,h In 

this subsection we construct a correspondence between elements of 
Pu,t,h and generalized analytic critical cylinder maps, and show that 
this correspondence is an analytic map (c.f. Lemma 3.22). 

Let G C C be a sufficiently large neighborhood of the origin and let 
t > 0 be a sufficiently small real number such that the space Pu,t is 
defined and non-empty. For every (a,0) G Pu,t) we notice that the 
function 


V{z) = Pa+(0(0 ^{Pa-{Z)) + 1)) 
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is analytic and univalent in a neighborhood of the curve pa-{4>{lr))- 
(Here p~l_ denotes the inverse branch, for which maps Pa-{4>{If)) 

to Jt“). Because of that the set Q^^a,t^Pa-{4>{lr))^Pa+{4>{^t)) factored 
by the action of the map u, can be viewed as a Riemann surface 

(9) Up«_(0(/“)) Up„+(0(/+))/l/ 

conformally isomorphic to an annulus. 


Lemma 3.20. Let U G C and t > 0 be such that the space is 
defined and contains an element (ao, fio) ^ ^u,t, where oq G M and 
00 is real-symmetric. Then there exists a family of conformal maps 
Q<p,a,t —^ C/Z parameterized by G 'Quy, such that for 

every (a, 0) G 'Quy, the map projects to a conformal map of the 

annulus ~ 9 is real-symmetric, z/a G M and 

0 is real-symmetric. Moreover, for every z G Qcp^ay, the dependence of 
'^<t>,a,t{.z) on {a,(f)) is analytic. 


Proof. For every (a, 0) G ^u,t, two sides of the quasidisk Q(f,^a,t ~ the 
curves Pa+{(f{lt)) Pa-{4>{lr))y ^ire injective holomorphic images of 

hxed intervals Ifi and If, hence, there exists a holomorphic motion 

Pao+iMht)) Apao-iMhf)) Pa+{fi{lt)) APa-{fi{If)) 


over (a, 0) G Bu^t, 

(10) XaA^) = 


given by the formula 

f (Pa+ 0 00 0-1 Op-l^)(^) 

] (p„_ 0 00 0-1 op-l_)(^) 


if ^ G Pao+iMA)) 
iiz e p„o_(0o(/r)). 


Since the other two sides of the quasidisk Q^^a,t are straight line 
segments whose endpoints move holomorphically, the holomorphic mo¬ 
tion (10) extends to a holomorphic motion Xa,<j}- d Q(t>o,a o.t —t dQ,j,^a,t- 

of Dehnition |3.11| that zero be- 

the 


111 


IV. 


from Dehnition 3.11 


Finally, it follows from property 
longs to Q(f,^a,t, and according to property 
quasidisk Q,p^a,t is a star domain, hence the holomorphic motion Xa,(j> 
of the boundary of the quasidisk extends to a holomorphic motion 


(11) 


Xa,4> ■ Q(j)Q,ao,t 


—)■ Q 




with x„,<^(0) = O,Va,0 


of the closure of the quasidisk over the whole space Bu^f 

We construct the family of maps in the following way: for 

(a, 0) = (ao, 0o) we put to be the unique conformal map with 

the property that 7r<^o,ao,t(0) = 0 and vr,/>o,ao,i induces a conformal diffeo- 
morphism between and an annulus Aq C C/Z whose boundary 

consists of two circles parallel to the equator. 

For an arbitrary (a, 0) G we make the following construction: 
by the Lambda-lemma |MSS831[Lyu84| , for each (a, 0) G the map 
Xa,(i) is quasiconformal. Pulling back the standard conformal structure 


on Q,j)^a,t by the map Xa,<j!)Ovr, we obtain a conformal structure poL,<p 


<j>0,OlQ,t 


on Ho- We extend the conformal structure pa,(j> beyond the annulus Aq 
by the standard conformal structure. We obtain a conformal structure 
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IJia,(j, on the whole cylinder C/Z, and the dependence of on (a, 0) 
is analytic. By the Measurable Rieniann Mapping Theorem, there 
exists a unique map C/Z —C/Z that straightens the conformal 
structure 1101 , 4 , and hxes the point 0 and the two boundary points at 
inhnity. Moreover, fa ,4 depends analytically on (a, 0) G We 

dehne the map 7r^,a,i as the composition 

fa,4 ° '^4o,ao,t ° Xci,4' 

It follows from the construction that if a G M and 0 is real-symmetric, 
then 714 , 01,1 is also real-symmetric. Analytic dependence of 174 , 0,1 on 0 
and a follows from analytic dependence of fa ,4 and Xa ,4 on the param¬ 
eters (c.f. Remark on page 345 of |Lyu99| ). □ 

Definition 3.21. For a positive real number r > 0, let Uf' C Ur be the 
surface that consists of all pairs (z, j) E Ur, such that z E Aril {Re z < 
0.5}. Similarly, let U~ be the surface that consists of all pairs {z,^), 
such that {z + 1 , 7 ) G Ur and z-|-lGAr-n{Rez> 0.5}. 


Let C C be a neighborhood of the interval [—1/2,1/2]. Assume 
that the analytic map 0: 17 —)■ C is such that 0(0) = 0 and 0'(O) is 
a non-negative and nonzero complex number. Then for a G C, the 
composition po+ o 0 is dehned on some interval (0,e:) C M to the right 
of the origin. Similarly, the composition po- o 0 is dehned on some 
interval (—£, 0) C M to the left of the origin. Let a positive real number 
r > 0 be sufficiently small, so that the projections of Uf', U~ onto the 
hrst coordinate are contained in U. Then the hrst composition can be 
extended to an analytic map on f/0 and the second composition can 
be extended to an analytic map on U~. Let us denote the hrst map by 
P 4 ,a+ ■ Uf' -E- C, and the second map by P 4 ,a- ■ U~ —)■ C. 

Now we hx a neighborhood U (Z C and a real number t > 0 that 
satisfy Lemma 3.20 We also hx a family of maps i74,a,t whose existence 
is guaranteed by Lemma 3.20 For a positive real number h > 0, we 
consider the space Pu,t,h, and for an element r = G Pu,t,h we 

dehne the map Pr- [—|, |] —)■ C/Z according to the formula 


( 12 ) 


9t{z) = 


(f’(l74,a,t(P4,a-(z))) A Z E [-|, 0] 
\f’(7r4,a,t(P4 ,Q+ m if^e[0, i]. 


provided that the above compositions are dehned. 

It follows from the construction of the space P[/,t,h that the map g^ 
projects to the continuous map of the circle fr- M/Z —C/Z dehned 
by the relation 

(13) fr{l7{z)) = griz). 

If for some positive real number r > 0, the hrst and the second com¬ 
positions in (12) are dehned in the domains U~ and 170 respectively. 


then according to Dehnition 3.2, this implies that fr is a generalized 
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critical cylinder map from C,.. It also follows from (12) that the critical 
exponent of fr at zero is equal to a, hence fr 


G C“ 


Lemma 3.22. Assume that U <Z C and t > 0 satisfy the conditions of 
Lemma 3.2(j\ and let o fixed family of maps from Lemma 3.20[ 

Assume that for some tq > 0 , h > 0 and Tq G Pu,t,h, the first and the 


and 


second compositions in (12) are defined in the domains Lf^^ 
respectively. Then for alTpositive real numbers r < ro, there exists a 
neighborhood Ur C Pu,t,h of tq, such that the correspondence r h-)■ /- 
an analytic map from Ur to C^- 


IS 


Proof. It follows from continuous dependence of friz) on the parame¬ 
ters that since fr^ G Cj-q, then for all r < rg there exists a neighborhood 
of To, such that for every r from that neighborhood, the map fr belongs 
to Cr- We denote this neighborhood by Ur. Analytic dependence of fr 
on the parameters follows from analytic dependence of the map 
on a and (c.f. Lemma 3.20). □ 


4. Fundamental crescents 


4.1. Fundamental crescent of an analytic map. The following 
discussion mirrors |Yam02j . Let C C be a domain and let h: —)• C 
be an analytic map. 

Definition 4.1. A simply connected Jordan domain C* C C is called 
a crescent domain for h, if the boundary of C is the union of two 
piecewise smooth simple curves I C 12 and h{l) C h(f2), the endpoints 
a, b of I are two distinct repelling hxed points of h, and lAh{l) = {a, b}. 

Definition 4.2. A domain C® C C is called a fattening of a crescent 
domain C as above, if C° is the union 

C° = CUWiUh{Wi), 

where WJ (s 12 is a neighborhood on which the map h is univalent, the 
arc I is contained in Wi so that I fl dWi = {a, 6}, and Wi fl h{Wi) = 
{a, 6}. 

Finally, 

Definition 4.3. A crescent domain C as above is called a fundamental 
crescent for h, if it has a fattening C° and the quotient of C° by the 
action of the map h is a Riemann surface conformally isomorphic to 
the cylinder C/Z (see Figure]^. We note that this Riemann surface is 
independent of the choice of a fattening C°. 

If C is a fundamental crescent for a map h, then the conformal iso¬ 
morphism between the Riemann surface C°/h and the cylinder C/Z 
is uniquely determined up to the post-composition with a conformal 
automorphism of the cylinder C/Z. Hence a lift of this isomorphism to 
the universal cover of the cylinder C/Z is uniquely determined up to 
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the post-composition with translations and multiplication by —1. This 
observation motivates the following definition: 

Definition 4.4. Let h\ hi —)■ C be an analytic map with a fundamental 
crescent C, and its fattening C° = C UWiU h{Wi). For a hxed base 
point u E C, we denote by 

71^0 :C° 

the unique conformal map which conjugates h with the unit shift z i—>- 
z + 1'm.Wi, and such that n^oioj) = 0. We also denote by : (F —)• C/ 
Z the composition 

(14) 77^0=77 0 77^0. 

Finally, by 77 ^ and 77 ^ we denote the restrictions of tt^o and 77^0 re¬ 
spectively to the fundamental crescent C\ 

(jj ijj I 1 ~aJ ~ (jJ I 

TT(j = 77(^0 |c) and ttq = tT(jo\c- 

We note that the maps 77 ^ and 77 ^ depend only on the fundamental 
crescent C, and are independent of the choice of its fattening C°. 

Remark 4.5. Whenever the base point is chosen to be equal to zero, 
a; = 0, we will simplify the notation by writing 77(7°, ^c°i ami 
instead of 77 ^ 0 , 77 ^ 0 , 77 ^ and 77 ^ respectively. 

For a domain hi C C, we denote by D(r2) the Banach space of ana¬ 
lytic functions in hi, continuous up to the boundary of hi and equipped 
with the sup norm. The following key lemma mirrors the statements 
proved in |Yam02j . 

Lemma 4.6. Let C be a fundamental crescent of a map h G D(r2) 
with the boundary consisting of the curves I and h{l) whose common 
end points are the points a,b E fl. Let C° = C VJ Wi U h{Wi) be a 
fattening of C, such that some other fattening C° of C contains C° 
and dC° fl dC° = {a, b}, and let u E C be a fixed base point. Then 
there exists an open neighborhood W{h) C D(r2) of h, such that every 
map g E W(h) has a fundamental crescent Cg and a fattening C° of 
Cg with the following properties: 

(i) For g = h, we have Cg = C and 0° = C°, and the mappings 

g ^ Cg and g ^ Cg 

are continuous with respect to the Hausdorff metric on the image; 

(a) If the map h, the fundamental crescent C and its fattening C° 
are real symmetric, then Cg and Cg are also real-symmetric for all 
real-symmetric maps g E yV{h); 

(in) For all g E W{h), the base point u is contained in Cg. Moreover, 
for every go E W{h) and z E C°^, the number 77 ^ 0 ( 2 ;) is defined for all 
g E W{h) that are sufficiently close to go, and the dependence 

g^7rf.o{z) 
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is locally analytic in g E D(f2). 


Proof. We construct a neighborhood W’(/i) and the family of fattenings 
C° that move holomorphically over g G W(h). More precisely, we 
construct a holomorphic motion of a fattening C° of the fundamental 
crescent 

(15) 

over a neighborhood W’(h), so that 


( 16 ) 


xsiHA) = Hxs(r)), 


whenever both sides are dehned. Then Cg is dehned as 

C'. = X,{C). 

The construction is made in two steps. 

The hrst step consists of constructing the holomorphic motion Xg 
of Wi U h{Wi) over some neighborhood Wi(h) C D(fl), satisfying the 


equivariance relation (16). This construction is analogous to the con¬ 
struction made in Proposition 7.3 of |Yamn2j . We refer the reader to 
the proof of that statement and omit further details. In the second 
step, applying the Theorem of Bers and Royden ra. we extend the 
previously constructed holomorphic motion Xg fo a holomorphic mo¬ 
tion (15) over a possibly smaller open neighborhood yV{h) with an 
additional property that 

Xg{uj) = U. 


The holomorphic motion (15) dehnes the family of fundamental cres¬ 


cents Cg and their fattenings that continuously depend on the map 
g G yV{h), and hence satisfy property (i). It also follows from the con¬ 
struction that these families satishes property (ii) (c.f. Proposition 7.3 
of |Yamn2j i. 

To prove property (iii) for the constructed family of fundamental 
crescents, we use a version of the argument given in Proposition 7.5 
of |Yamn2j . Namely, by the Lambda-lemma |MSS83j all maps Xg ^-re 
quasiconformal on C°. Even though the map tt^o is not univalent on C°, 


the equivariance relation (16) implies that the pullback of the standard 
conformal structure on C° by the map Xg ° dehned. 

This pullback provides a conformal structure on the cylinder C/Z, and 
the dependence of this conformal structure on g is analytic. By the 
Measurable Riemann Mapping Theorem, there exists a unique map 
fg-. C/Z —)■ C/Z that straightens this conformal structure and hxes 
the point 0 and the two boundary points at inhnity. The composition 
fg ° ^c° ° Xf^ induces a conformal isomorphism between the Riemann 
surfaces C°/g and C/Z, and fg o o = 0. The uniqueness of 

such an isomorphism implies that 

( 17 ) ^Co = fg ° o xf\ 
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Finally, analytic dependence on the parameter in the Measurable Rie- 
mann Mapping Theorem implies that fg depends analytically on G 
W{h), hence (17) implies that for a hxed z, the point depends 

analytically on g. Now analytic dependence of 'n'co{z) on g follows 
from ( [l^ . □ 


4.2. Fundamental crescents of maps in C^. We let K- be as in ([^. 

Definition 4.7. A simple piecewise smooth arc I C W will be called a 
separating arc, if I is an image of an arc / C \ ((—C) 0 , 0) U (1, +C)o)) 
under the projection vr, and I connects two points strictly above and 
below the equator. 

Note that since a separating arc I has to intersect the equator at 
least at one point, its preimage I C Aj,\((—oo, 0)U(1, +oo)) is uniquely 
determined. 

Let / G Cr be a generalized cylinder map. We denote by /: Ur ^ C 
some hxed lift of / via the relation ([^. If / C W is a separating arc, 
then by fi we denote the analytic continuation of / to a neighborhood 
of I, obtained as the projection of / restricted to a neighborhood of the 
curve 1. This specihes a branch of / in the case it is multiple valued 
in Vr- In particular, this analytic continuation satishes the relation 
TT o / = /; o vr. If both I and /;(/) are separating arcs, then in order 
to simplify the notation, by ff we denote the composition fjpi) o fi. 
Similarly, by induction we can dehne /” = ° /” \ for any 

positive integer n, provided that is a separating arc. 

Definition 4.8. Let / G C^. We say that a domain C <Z Vr is a 
fundamental crescent of f with period n if the boundary dC contains 
a separating arc I with end points a, b, the map /” is dehned and 
univalent in a neighborhood of I, dC = I U fj^{l), lnfl^{l) = {a, b}, and 
C is a fundamental crescent for the map /”. 

In the remaining part of the paper we will always require that 0 G C, 
and we set the basepoint a; = 0. 

4.3. Fundamental crescents of holomorphic pairs. In |Yamn2] 

the existence of fundamental crescents was stated for all maps in the 
Epstein class. In this paper it will be more convenient for us to prove 
the corresponding statement for holomorphic commuting pairs. We 
start with some notation. Let "H = {rj, v) be a holomorphic pair with 
domains U, V, D and range A, as above. By Denjoy-Wolff theorem, 
there exists a unique point p^ G El fi t/, such that the iterates of ri~^ 
converge to pjj" uniformly on compact subsets of El fl A. We dehne 
the point p~ E C as p~ = pf. If ^ pf, then both and p~ are 
repelling hxed points of the map g. Otherwise, if pjj" = p^ , then lies 
on the real line and is a parabolic hxed point of the map g. 






30 


IGORS GORBOVICKIS AND MICHAEL YAMPOLSKY 


Definition 4.9. In the above notation, we say that a simply connected 
domain d A is a fundamental crescent for the holomorphic pair "H, 
if the domain C-^i is a real-symmetric fundamental crescent for the map 
T], such that p^,p^ G dCy^, and 0 G (see Figure [^. 




Figure 3. A fundamental crescent of a holomorphic 
pair Ti. 


For the remaining part of the paper we again set the basepoint a; = 0, 
so that the projection 

^ C 

is the unique holomorphic map that conjugates r] with the unit shift 
z ^ z + 1, and 7rc^(0) = 0. 

We notice that according to our definition of a holomorphic pair, 
the domains f/ fl El and A fl El have Jordan boundary, hence the map 
continuously extends to the closure A fl El. In order to simplify 
further notation, we will write instead of ?7“^|Anir- 
The main result of this subsection is the following lemma: 


Lemma 4.10. (i) Let "H = be a holomorphic commuting 

pair, such that the map does not have fixed points on the 
real line. Then there exists a fundamental crescent C-u for the 
holomorphic pair Ti, such that 7Tc.^{Cyf) contains the interval 
(-1/2,1/2) C M. 

(a) For every s G (0,1), there exist a real number > 0 and 
a domain Dg C C, such that [—1/2,1/2] C Dg, and if FL = 
v) is the same as in part (i) of the Lemma, and C,h ^ 
then the fundamental crescent C-u has a fattening such that 
Dg C 7rc^(Q), and |7r^^(l/2) - 7r^^(-l/2)| > a,. 
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The proof of Lemma 4.10| is based on the following construction: 


Proposition 4.11. LetH = ( 17 ,^, p) be a holomorphic commuting pair 
with range A, such that the map ri~^ does not have fixed points on the 
real line. Then there exists a unigue conformal change of coordinates 
Or,: A n El — )■ C, such that = 0, the map Or, conjugates with 

the linear map z ha Az, where A is the multiplier of the fixed point p^ 
for the map , and Or, has a continuous extension to the boundary 

a(Ane). 


Proof. Since the map p does not have hxed points on the real line, the 
point is an interior point of A fl El, hence is a globally attracting 
fixed point for the map 77 “^. Then by Koenigs Theorem, there exists 
a conformal change of coordinates 0,, in a neighborhood of pf^ which 
linearizes the map 77 “^. Since the map 77 “^ is univalent on A fl El, 
the local linearizing conformal chart around can be extended to 
the whole domain A fl El by pullbacks under the dynamics of 77 “^. 
Thus we obtain the linearizing conformal chart defined on the whole 
domain A fl El. 

Since 77 does not have hxed points on the real line, this implies that 
there exists an integer /c > 0, such that for every 2 ; G d{A fl El) the 
point ri~^{z) is contained in A fl El. This means that the linearizing 
chart Or, extends to the boundary 9(A flEI) by hnitely many pullbacks, 
hence Or, has a continuous extension to d{A fl El). □ 


Assume that PL = i^\d) is the same as in Proposition 4.11 

Since 77 “^ does not have hxed points on the real line, the forward iterates 
of the interval lu = t/ n M under the map 77 ^ converge to the point 
p^. Notice that p(/{/) U lu is an interval on the real line, hence, the set 


( U 0 


W=-l 


is a simple curve, and the point p+ is one of its end points. 

Passing to logarithmic coordinates log 6*^ in the image 0^(AnEI), we 
obtain a domain IT C C that is invariant under the shifts by 2777 and 
contains a halfplane G C | Re^; < Xq}, for some Xq G M (see Figure 
|4|). The map fr,'- W —A fl El dehned by fniz) = 0f^{e^) is a covering 

that 


4.11 


map from W onto (A flEI) \ {p^}. It follows from Proposition 
the map semi-conjugates the map with the shift z ^ z + w. 


r,i 


where G C is such that Re < 0 and 


-TT < Im. Wr, < vr. 


Let Sr, CW he an arbitrary fixed lift of the curve Sr, to W under the 
covering map 0^. In particular, it follows from the previous observation 
that the simple curve Sr, is invariant under the shift by Wr,, and a part 
of this curve belongs to the boundary of W. The curve Sr, splits the 
domain W into two subdomains, and we let Wr, C IT be the one of 
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Figure 4. The curve S^j and its image under the log- 
linearizing coordinate. 

these subdomains, whose boundary contains (see Figure]^. Further, 
let po G Sn be the point that projects to zero under the covering map: 

Mpo) = 0 . 

Proposition 4.12. Let TL = (r), u) be the same as in Proposition \4- 1 1\ 
Then there exists a unique conformal map r: Wrj —)■ C, such that 
t{z + Wrf) = T^z) — 1, for all z G Wn, the map r continuously extends 
to the boundary curve Srj so that T{Sr,) C M and r(po) = 0 , and there 
exists a simple curve 7 C that does not have common points 

with its shift by 1 and whose projection onto the imaginary axis is ei¬ 
ther {ix I a; > 0} or {ix \ x < 0}. Furthermore, the curve 0r?('r~^(7)) 
is simple and has an endpoint at . 

Proof. Since the domain W contains a halfplane {z G C | Rez < Xq}, 
for some xq G M, this means that there exists an inhnite ray I C Wrj 
with the end point in such that I is not parallel to the vector and 
the projection of I onto M is an infinite interval of the form (—cx),a]. 
Let I' C Wr^ be the shift of I hj w^j. Since I is not parallel to Wr,, the 
rays I and I' have no common points. Let Ci C Wrf be the subdomain 
of Wrj bounded by the curves I, I' and Sn- Again, since I is not parallel 
to Wrj, the set C/ U / U factored by the action of the shift by is a 
Riemann surface conformally isomorphic to a punctured disk. 

Let Po G Sn be the unique point such that Pq G dCi and p'q—Pq = kwn, 
where fc G Z. Then there exists a unique conformal map r defined in 
the relative neighborhood of Ci in IF^, such that t{z + Wn) = t{z) — 1, 
whenever both sides are defined, r continuously extends to Sn H dWn, 
T^Snt^dWn) C M, and r(po) = —k. Finally, we extend the map r to the 
whole domain Wn by pullbacks or push forwards under the dynamics. 
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Since the rays I and /' have an empty intersection, the curve r(/) 
does not have common points with its shift by 1. Since the set Ci U 
I U I' factored by the action of the shift by is a Riemann surface 
conformally isomorphic to a punctured disk, the simple curve t{1) has 
an unbounded projection onto the imaginary axis. Finally, we set 7 = 
r(/), and we notice that since the projection of I onto M is an interval 
of the form (— 00 , a], the curve 0r?(T~^(7)) = ^ 77(0 is simple and has an 
endpoint at pjj". □ 


Proof of Lemma (i) Let r: fR, —?• C be the conformal map pro¬ 
vided by Proposition 4.12| and let 7 C T{Wrj) be the curve from the 
same Proposition. Then there exists a straight line segment in 
that connects the point 1/2 with the curve 7 . The point at which 
this line segment intersects the curve 7 , splits 7 into two pieces. Let 
I C riWrj) be the curve obtained as the union of the unbounded piece 
of 7 and the line segment. We dehne I' C T{Wrj) as the shift of I by —1. 
It follows from Proposition 4.12 that the image under the map o 
of the subdomain of r(IW,) bounded by the curves I and V, is the upper 
or lower half of a fundamental crescent for Pi. The other half of this 
fundamental crescent is obtained by reflection about the real axis. 

(ii) We £x the real number s G (0,1). All constants in the following 


proof will depend only on the number s and not on a particular com¬ 
muting pair G E^, unles otherwise stated. We split the proof into 
the following simple steps: 

Step 1: For every = ( 7 , G E^,, we have rj G E[o,i],<i, which implies 
that there exist two constants Ci > ci > 0 , such that ci < | 7 ( 0 )| < (Pi, 
(c.f. Dehnition 2.10). 

Step 2: Lemma 2 . 11 | together with Step 1 imply that there exists a 
constant C 2 > 0 , such that C 2 < | 7 ~^( 0 )| < 1 . 

Step 3: There exists a constant r > 0, such that the map tic-h ana¬ 
lytically extends to Nr{[r + 7 ( 0 ), 7 “^( 0 )]), where Nr{S) is the complex 
r-neighborhood of the set S' C C. 

Proof of Step 3: It follows from Proposition 4.12 that the map 


analytically extends to A\Srj. Now Lemma 2.11, Step 2 and injectivity 
of 7 “^ imply that 7 “^ (A fl H) has an empty intersection with W([r -|- 
7(0),7“^(0)]), for some hxed r. In particular, this means that S^ fl 
Ar([r-|-7(0), 7“^(0)]) = (7(0), 7“^(0) -|- r), so the map tic-h analytically 
extends to Ar([r-1-7(0), 7“^(0)]) flEI. Finally, t^c-h extends to the whole 
neighborhood W([r-1-7(0), 7~^(0)]) according to the reflection principle. 

Step f: Let 2;_i/2 G [0,7“^(0)] be the point, for which ~ 

— 1/2. Then there exists a constant C 3 > 0, such that ; 2 _i /2 > C 3 . 

Proof of Step f: Since the interval 7 r( 7 .^([ 0 , ^- 1 / 2 ]) has a hxed length 
equal to 1/2, Step 2, Step 3 and the Koebe Distortion Theorem imply 
that if the interval [0, ^-1/2] is too small, then the interval 7rc.„([0,7“^(0)]) 
is larger than the unit interval, which is a contradiction. 
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Step 5: Consider the point 2 : 1/2 = ri{z_i/ 2 )- It follows from Lemma 2.11 
and Step 4 that there exists a constant C4 > 0, such that Zi/ 2 —ri{ 0 ) > C4. 

Step 6 : It follows from Step 1, Step 2 and Step 4 that the interval 
[ 2 : 1 / 2 , 2 :-i/ 2 ] is commensurable with a unit interval. Now since the in¬ 
terval [ 2 : 1 / 2 , ^- 1 / 2 ]) has a hxed (unit) length, Step 5, Step 3 and 
the Koebe Distortion Theorem imply that 7rc„(A^r([^’ + h(0))h~^(0)])) 
contains a hxed domain Dg, such that [—1/2,1/2] C Dg. If Dg is suf- 
hciently small, we can allways choose a fattening of C-^i, so that 
Dg C 7rc°(Q). 

Existence of the constant immediately follows from Step 4. Namely, 
we can put ag = C 3 . □ 

4.4. Holomorphic commuting pairs and critical circle maps. 
Choice of constants. For a positive integer I? G N, consider the 
space C S of all bi-in£nite sequences of positive integers that are 
not greater than B. 

Definition 4.13. For a positive integer B > 0, let C E be the set 
of all commuting pairs from X that are images of under the map i 


c.f. Theorem 2.16). Let us denote by /C C X the union 


}C=\JIb. 




It follows from Theorem 2.16 that for every integer B > 0, the set 
Xb is sequentially compact and has a topological structure of a Cantor 
set. 


Lemma 4.14. Let fi > 0 be the universal constant from Theorem 2. 2^ 
Then there exists a continuous embedding ( from K. to 

such that for every critical commuting pair ( E IC, the image Tic^ = 
XL = (? 7 , (^, v) is its holomorphic pair extension, and that the inverse 
map ri~^ = does not have fixed points on the real line. 


Proof. Let s > 0 be the same as in Theorem 2.16 It follows from 


Theorem 2.16 that for every C ^ ^ there exists an infinite sequence of 
commuting pairs C-i, C- 2 , ■ • • G E^, such that Xl^C-k = (, for all k E N. 
It follows from Lemma [2. 11 and Proposition |2.15| that E^ is a compact 
subset of Ar, for some r > 0. Then Theorem 2.25 implies that ( 


extends to a holomorphic pair 7-L = {rjA, u) from H(/i). Theorem 2.25 
also implies that if rj~^ has a hxed point on the real line, then this 
point is a periodic point of a critical commuting pair G /C, for some 
k E N. However, the later is not possible, since C-fc has an irrational 
rotation number. 

Now, for each C E 1C, the constructed correspondence ( ^ XL can be 
extended to a continuous map from a sufficiently small neighborhood 
of C in E to the space H(/i) preserving the property that the map r]~^ 
does not have hxed points on M. Finally, the set /C C E is a countable 
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union of nested topological Cantor sets. Hence, it can be covered by 
a countable collection of small enough open disjoint neighborhoods in 
each of which we can choose the holomorphic pair extension in such 
a way that it depends continuously on (. Continuity of the inverse map 
HA C follows easily. □ 

Definition 4.15. For every positive integer i? > 0, we denote by 
Zb C H(/i) the image of Zb under the map 

Similarly, we denote by AC C H(p) the image of AC under the same map. 

Lemma 4.16. For every holomorphic pair H G AC there exists a fun¬ 
damental crescent with a fattening such that the mapping 
FL HA Cb is continuous on AC. Moreover, there exist two Jordan do¬ 
mains f/ d t/i C C, such that 

|-l/2,l/2|cC/, 

and for every "H G AC and the corresponding fattening the map 
is defined and univalent on the domain Ui, and 

(18) |7r^^(l/2)-7r^^(-l/2)|>a>0, 

for some universal constant a G M. 


Proof. First, we notice that AC C E^, for the hxed value of s > 0 
from Theorem 12.161 Now it follows from Lemma [4.141 and Lemma [4. 101 
that for every holomorphic pair H C AC we can choose a fundamental 
crescent Cy, that has a fattening Cy, such that a certain hxed domain 
Ui D [—1/2,1/2] is compactly contained in and condition (IT^ 

holds. According to Lemma 4.6 this fundamental crescent and its fat¬ 
tening may be chosen to depend locally continuously on H G H(/i). 
Since AC C H(/i) is a countable union of nested Cantor sets, the global 
continuous dependence Fi ha Cy is obtained in the same way as in 
Lemma 14.141 

Finally, we choose the domain U, so that U Ui and [—1/2,1/2] C 
U, which completes the proof. □ 


Let H G AC be a holomorphic commuting pair with a fundamental 


crescent Cy provided by Lemma 4.16 For a point z G Cy, whose 


iterates under Ft eventually return to Cy, we dehne Rc^{z) to be the 
hrst return of 2 ; to Cy under the dynamics of Ft. Then according to 
Proposition 7.9 from |Yamn2] . there exists an equatorial neighborhood 
in the cylinder C/Z, such that for every 77 G AC, the map 


( 19 ) fn = t^Ch ° Rcn ° 

is dehned and analytic in that neighborhood. 
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Lemma 4.17. There exists a positive real number t > 0, such that for 
every holomorphic pair TL E 1C, the map 0-^ = (0) -tt^^ is contained 

in the space where U is the same as in Lemma 


4.16 


Proof. According to Lemma |4.16, the family of maps 




-1 

c° 


Ui 


■.neic} 


2.22 


the image tt^o (Ui) C is 


is dehned, and since by Dehnition 
uniformly bounded, this family is normal. According to (18), every map 
from the closure of this family is non-constant, hence univalent. 


TT 


and there exists a positive number f > 0, such that 7r'(0) • vr ^ G B 


ur 


Now, the existence of f > 0, satisfying the conditions of Lemma |4.17 
follows from compactness arguments. 


□ 


Lemma 4.18. Let U and t be the same as in Lemma 4-16 and Lemma 4-11 
and fix a family of maps C/Z, (a, 0) G B^^ provided 

by Lemma 3.2(^ Then there exist positive real numbers ri > 0 and 
hi > 0, such that for every Pi & 1C and the corresponding map 0-^ from 


Lemma 4-l'1, there exists a unique real-symmetric map 'ijj'n G D/i^ with 
the property that the composition 

( 20 ) 

is defined in the domain {2; G C | |Re;2| < l/2;|Im2;| < ri} and 
coincides with the map 

Z ^ {hcn ° Rch ° 

on that domain. 


Proof. Since for every n G N, every ( E 1C has a preimage G /C, it 

follows from Theorem 2.16 that each map p, v from the holomorphic 
pair Pi(^ = (p, v) can be represented in the form 


where 5^ is a conformal map. Since Rcu ^ composition of such maps 
and is a hrst return map to the neighborhood of the origin, it can also 
be represented in the same form. Thus, we get the following identity: 

iPCn ° Rcn ° ^cl)(^) = ^Cn(9((^cl(^)f))’ 

where 5^ is a conformal map that depends on Rq-h ■ Ihe other hand, 
we have 


Now, canceling the identical cubic parts, we get the following equation 
that should be satished by 0^: 

(21) ^c„(£/(2^)) = ' ^))- 
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Since all maps in this equation are conformal, the equation uniquely 
determines the map tpy, on the domain, where appropriate compositions 
are dehned. 

Finally, since the map /-^ from (19) is also dehned in a hxed equa¬ 


torial neighborhood, independent of "H G /C, the left hand side of (21) 


is dehned in some hxed neighborhood. Now the existence of positive 
numbers ri and hi is proved using a compactness argument, similar to 
the one, used in the proof of Lemma 4.17 □ 


Remark 4.19. In particular. Lemma 4.18 implies that for every RL & fC, 
we have the inclusion 


T = e Pu.i. 


U,t,hi ’ 


with the map f-u from (19). 


and the map fr dehned in (13) belongs to the class , and coincides 


Definition 4.20. For a positive integer i? > 0, by Xg C we denote 


the image of the set Ib C H(/i) under the map Ri ^ fu given by (19) 


Similarly, by /C C we denote the image of the set K C H(/i) under 
the same map. 

Definition 4.21. Let the constants t, hi and the domain U be the 


same as in Lemma 4.17, Lemma 4.18 and Lemma 4.16 For a positive 


integer > 0, by C Put hi denote the image of Zb under the 
map 

RL !-)■ (3, 0^, 0-^), 


where 0-^ and 'ijj'H fh® same as in Lemma 4.17 and Lemma 4.18 
respectively. Similarly, by /C C Put hi denote the image of the set 
1C C H(p) under the same map. 

We recall that if positive numbers r and h are such that r < ri 
and h < hi, then there are natural inclusions C and Put hi ^ 

Puihy hence we can view the sets /C and K as subsets of and Pj) ih 
respectively. 

Lemma 4.22. There exist positive constants h, r and an open set 
U C Pf/fft, such that Q < h < hi, Q < f < ri, 1C <^U and the mapping 

is an analytic map from U C Pu,i,h 


Proof. Fix a constant h < hi. According to Lemma 4.18, for every r = 


(3,0-^, ijjhi) from the closure of /C, the map 0-^ is dehned on the annulus 
Vhi. If we view the same map but restricted to a smaller annulus 

V0, then according to Lemma 4.18 and Koebe Distortion Theorem, 
the composition (20) is guaranteed to be dehned in the set {z E C \ 


Rez| < 1/2; | Imz| < f}, where r is some constant, such that 0 < f < 
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ri. Finally, we set r = r/2. Then Lemma 3.22 implies the existence of 
an open set U C Pjjth with required properties. □ 

For future reference we formulate the following lemma: 

Lemma 4.23. There exists a positive real number r > 0, such that 
every critical commuting pair ( = {ri\j^,^\^) G /C belongs to the class 
Ar from Definition 2.2 


and if Ti = TLq G K,, then 


n {Nfilfi) u Nr\ri{0)\{I^))) C Vf. 

Furthermore, there exists K E N with the property that for every pos¬ 
itive integer k > K, and for every ( G t C, the critical commuting pair 
pTZ^( restricts (in the sense of Theorem 2.25) to a holomorphic com¬ 


muting pair Fik-. Ftk —)■ Afc, such that A k (S C-^f] {Nr{Irj) U Nr\ri( 0 )\{I^)), 
and Fik is an affine rescaling of a holomorphic pair from 1C. 

Proof. Existence of the number r that satisfies the first part of the 


lemma, follows easily from Lemma 2.11 , Lemma 4.16 and the Koebe 
Distortion Theorem. 

Let s and /i be the same as in Theorem 2.16 and Theorem 2.25 
respectively. Since /C C and fC <Z Ar, the set 1C is pre-compact in 
Ar, hence by Theorem 2.25, there exists N = N{r,IC), such that for 
every ( E 1C, the prerenormalization pTZ^C restricts (in the sense of 


Theorem 2.25) to some holomorphic pair whose appropriate affine 
rescaling lies in H(/i) and the range of Q(^ is compactly contained in 
C'}ir]{Nr{Ir^)UNr\rj(o)\{I^)). Then we note that the range of holomorphic 
pairs TV^{Qc) is the same for all k = 0,1,2,..., hence Lemma 2.13 
and properties |(ii)| (v) of Definition 2.22 imply that there exists a 
positive integer L E N with the property that for every k > L and 
C G /C, if ^ is a holomorphic pair extension of pTZ^~^^(, such that an 
appropriate affine rescaling of Q lies in H(p), then ^ is a restriction 
of the holomorphic pair pVA{Qf). This implies that the range of Q is 
compactly contained in (F-^n(iVr(/^)UAr|r;(o)|(/g)), and ^ is a restriction 


of pTZ^^^C, in the sense of Theorem |2.25 


We finish the proof by putting K = N -\- L. Now the choice of 
holomorphic pairs Fik is possible since IZiJC) = 1C. □ 


5. Renormalization in Cr 

5.1. Renormalization with respect to a fnndamental crescent. 

We let W be as in ([^. Assume, / G C^, for some real number r G M, 
0 < r < 0.5. Then we can restrict / to an analytic (single-valued) map 
/: V;\{Re^ = 0} ^C/Z. 

Definition 5.1. Let / G be a generalized critical cylinder map 
and let Cj C K- be its fundamental crescent of period n. For a point 
z G Cf, such that {P{f{z))}j^n H Cf 0, we define Rcj{z) to be 
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the first return of f{z) to Cf under the map /. In general, Rcf is a 
multiple-valued map since / is also multiple-valued. 

Definition 5.2. Given a generalized critical cylinder map / G and 
its fundamental crescent Cf C 14- of period n, let us say that / is 
renormalizable with respect to the fundamental crescent Cf, if there 
exists a positive real number r' > 0, such that the composition 

/ = TTCf O Rc^ O 

belongs to C,,'. 

We will say that the generalized critical cylinder map / G C^' is the 
renormalization of f with respect to the fundamental crescent Cf and 
we will denote it by 

f = nc,f. 

The following lemma is easy to verify: 

Lemma 5.3. If f & C", for some a G C, and f is renormalizable 
with respect to a fundamental crescent Cf, then R-Cff ^ . In other 

words, renormalization does not change the critical exponent at zero. 


5.2. Cylin der renormalization operator T^cyi- Let pi be as in The 

and let /C C C? be the same as in Dehnition 


orem 


2.25 


also £x ri > r as in Lemma 4.18 and Lemma 
Lemma 14.161 


4.22 


4.20 


We 


and let U he as in 


Remark 5.4. It follows from real a priori bounds (c.f. Lemma 2.13) and 


the Koebe Distortion Theorem that there exists a positive integer L > 0 
with the property that for every / G /C and for every real-symmetric 
conformal map h :[/—)■ C, such that h([—1 /2,1/2 ]) is contained in the 
domain of the commuting pair pIZ^ f, we have 

|h'(0)|<l/3. 

Set N to be the smallest even integer greater than max(iL, L), where 
K is the same as in Lemma 14.231 and L is the same as in Remark 15.41 


Remark 5.5. The fact that the number N is even, will be important in 
Section 


Lemma 5.6. There exists a positive real number r 2 > r, an open 
neighborhood U 2 d C with U d U 2 , and an open set U C Cf, such 
that K, CU, and for each f eU there exists a choice of a fundamental 
crescent Cf <Z Vf and its fattening Cf dVf, such that both Cf and Cf 
depend continuously on f cU and the following holds: 

(i) Cf has period Qn-i, where gw-i is the denominator of the (N—l)- 
st convergent of p{f), written in the irreducible form; 

(a) the dependence f h->• 'n'c'f{z) is analytic for any fixed z E Cf; 

(Hi) 


T^Cff ^ Cr^i 
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the map is defined and univalent on U 2 , and |(vrc'o)'(0)| < 1/2. 

(iv) for ( E JC, Ti = l-Lc^ G K and f = fn ^ the fundamental 
crescent Cf and its fattening Cf satisfy the relations 

Cf = ilCniCn,), C^f = 

where Hi is a linear rescaling of the holomorphic pair H-jinq, and 
and are linear rescalings of respectively. 


Proof. For an arbitrary / = /-^ G /C with the corresponding holomor- 
phic commnting pair PL E K. and the nnderlying critical commnting 
pair ( E 1C, the renormalization TZ^( belongs to /C, hence it extends to 
a holomorphic commnting pair PLuNf^ G H(p). Let PLi be the holomor¬ 
phic pair extension of the pre-renormalization pTZ^(, snch that PLi is 
a linear rescaling of Pin^c,- Let be the fnndamental crescent of Pi 
from Lemma 4.16 From Lemma 4.23 we can see that d C^, and 


the projection ttc.^ conjngates PLi with a holomorphic pair extension 
PL 2 of pPC^~^{f), snch that A ^2 ^ the correspondence f PL 2 

extends to a continnons map from a neighborhood of / G to H. 

Let and be the fnndamental crescent and its fattening that 
are linear rescalings of the fnndamental crescent and the corre¬ 


sponding fattening provided by Lemma 


4.16 


Then we set 


Cf = PcniCH,) and C'} = PcniCfiJ. 


We notice that onr constrnction satisfies property ( 
Now it follows from the above argnment that Cf 


iv) of the lemma, 
is a fnndamental 


crescent for PL 2 , hence according to Definition 4.8, it is also a fnnda¬ 
mental crescent for / G /C of period Qn-i, and CJ is a fattening of 
Cf. Moreover, since TiCrt is a conjngacy between PLi and PL 2 , we have 
TZcff = f-Hi ^ Cr,, where ri is the same as in Lemma |4.18 


Now Lemma 4.6 implies that the correspondence / i--> Cj extends to 
a continnons map on some neighborhood of / G C^, satisfying prop¬ 
erty (ii). Choose r 2 G M and 1/2 C C so that f < r 2 < ri and 
U (E U 2 <E Ui. Then according to Lemma 


4.16 


Remark 


4.19 


Re¬ 


mark |5.4| and continnity argnment, by possibly shrinking the neigh¬ 
borhood of /, we can ensnre that property (iii) also holds. Finally, in 
order to constrnct the open set U, we nse the fact that the set /C is a 
conntable nnion of nested Cantor sets, and the rest of the proof goes 
in the same way as the proof of Lemma 4.14 □ 


Definition 5.7. Let W C Cf be the open set constrncted in Lemma 5.6 


—---- .— — I ---- - - — 

Then we define the cylinder renormalization operator 77cyi : W —)■ Cf as 

7^cyl(/) = Hcff, 


where Cf is the canonical fnndamental crescent for f Eld, constrncted 
in Lemma [ 5 .61 
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Our definition extends the definition given by the second author in 
|Yam02] to a wider class of analytic maps. 

Definition 5.8. By T^cyi we denote the restriction of the cylinder renor¬ 
malization operator 7lcy\ to the subset W fl C?, where C? C C? is the 
set from Dehnition 13.61 


In the following proposition we summarize some basic properties of 
the cylinder renormalization operator: 


Proposition 5.9. (i) The cylinder renormalization operator TZcyi 

is a real-symmetric analytic operator U —)■ Cf- 
(a) For every critical commuting pair ( E K., we have 


Ti-cyifnc — fn 


(n^C)' 


where as in ( fl^ . 


(Hi) TZcyiid^B) = for every B eN. 

(iv) For every complex number a E C sufficiently close to 3, we have 


7^,,^(wnC“) cc?. 

(v) n,yiUf\cl)(icl. 

(vi) At every point f G W fl C| the differential DfTZcyi- TfC) -E 
T-ji^yifCf is a compact operator. 


Proof. Analyticity part of the statement (i) follows from Lemma 5.6 
Real symmetry is evident from the construction. Properties (ii),(iii), 
and (v) were established in |Yamn2] . Finally, (iv) follows from Lemma 5.6| 
and Lemma [5.31 


By Montel’s theorem, a bounded set in the tangent space is 


normal, hence pre-compact in i/^p Since differential is a bounded 
operator, property (vi) follows from this and property (iii) of Lemma 5.6 
(c.f. Proposition 9.1 from |Yam02j ). □ 


6. Renormalization in Pu,t,h 


Let the maps p</,,Q,+ and p^p^a- be dehned in the same way as in 
Section after Dehnition 3.21 
straightforward to verify: 


The following technical statement is 


Proposition 6.1. Let the maps pp^a+ ond pp^a- be as above, and let 
c E C be a non-zero complex number, such that Rec > 0. Assume that 
Re0'(O)>O. Then 


1 


and 




Pa+(c)^^'^’' 


Lemma 6.2. Letr 2 and U 2 be the same as in Lemma\5^ There exists 
a positive real number h 2 > h, and an open set U C Pf/f/j, such that 
)C CU , and for every r = (a, 0, f ) E U, the following properties hold: 
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(i) the generalized critical cylinder map fr from (13) is contained in 
the open setU from Definition \5. ?[ and hence, has the canonical 
fundamental crescent Cf^ with the fattening C°f, constructed in 


Lemma 5.6 


(a) Revr^o (0) > 0; 

/r ^ 

(Hi) the map 0 = ttR ( 0 ) • 0 o is defined in U 2 ; 

(iv) 0 G for every domain U 3 , such that U (&U 2 ; 

(v) there exists a unigue map 0 G D/i2 , such that the following 
identity holds in the domain {z G C | |Rez| < l/2;|Imz| < 

r 2 ]: 

o RCf^ o T^c]^ = ° P5,a±^ 

where { tt^ ^ | (a,0) G is the same family of maps as in 

Lemma EH and both sides of the identity are multiple-valued 
functions. 


we 


Proof. Let hi > hhe the same as in Lemma 4.18 and Lemma 4.22 and 

Choose h 2 G M so that h < 62 < hi. According to Lemma _ 

can choose U so that JC CU, and (i) holds. For r eU, let Cf^ and Cf 
be the ca noni cal fundamental crescent and its fattening, constructed 
in Lemma 


5.6 


Then it follows from Lemma 5.6 that for all r G W, the 


map 0 = 7r0 (0) ■ 0 o is dehned in the domain U 2 , which proves 

fr 


property (hi). 
For T = 


G }C, where 0-^ and 0^ are the same as in 


Lemma 4.17 and Lemma 4.18, it follows from part (iv) of Lemma 5.6 
that 


( 22 ) 


JTc,. (0) (0) ■ >^4 ■ 


where PLi is a linear rescaling of a holomorphic pair from K,. Now 
implies that 7r0^ (0) • tt^o G B|. and because of prop- 


Lemma 


4.17 


erty (iii), by continuity considerations, shrinking U, if necessary, we 
can make property (iv) hold for all r eU. 

Since the constant N is even, this implies that for r E 1C the number 
7r0^ (0) is positive. Again, by continuity, shrinking U, if necessary, we 
guarantee that property (ii) holds. 

Now the composition o Rcf^ ° can be naturally represented 


as 


Tic. o Rc 


-1 


-fr " ^^Cfr “ ~ 9 ° P<Ponc^ 

where 5^ is a conformal map on some sufficiently large domain. By 


PottP ,a±’ 

'' fr 


Proposition 6.1 and property (ii), we have 

1 

“ pImEW) 


■ P^,a±i 
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O = 


4.18 


we 


hence 

o o =9io 

for some conformal map gi. Now, if fr € fC, then by Lemma 
know that both sides of the above identity are dehned in the domain 
{z E C I I Re^l < 1/2; I Im^l < ri}, and the map gi can be represented 
as 

= ^ ° 


where i/ G 'Dh^, for hi from Lemma |4.18 Using continuity argument 


and possibly shrinking the neighborhood U again, we guarantee that 
the above representation of the map gi with -0 G Vh 2 holds for every 
tEU. □ 

Definition 6.3. We dehne the renormalization operator TZp : U -E 
Ruth by the relation 

^p(a,0,'0) = 

where cj) and i/ are the same as in properties 


111 


and 


(v) 


of Lemma 


6.2 


In the following proposition we summarize some basic properties of 
the renormalization operator TZp: 

Proposition 6.4. (i) The operator IZp is real-symmetric and an¬ 

alytic. 

(a) For every r eU, we have 

R-cylfr 

(Hi) For every B e'N, let the map 4/: Xg &e defined by the 

relation 


where the same as in Lemma 4-1'i and Lemma 4-18 

respectively. Then zs a homeomorphism between Zb and Zb 
that conjugates TI^\xb and 'R-plxg- In particular, Zb is an in¬ 
variant horseshoe for the operator TZp. 

(iv) For every r Eli the differential DrTZp is a compact operator. 

Proof. Properties (i) and (ii) are evident from the construction of the 
operator Tip. 

In property (hi) we will hrst prove that is a homeomorphism. In¬ 
deed, if ( E Zb and r = (3, = 'L(C), then fr together with 

the local coordinate fixLQ around the origin, completely determines the 


critical commuting pair Tl( e Zb. Since according to Theorem |2.16 
the operator TZ is bijective on Xg, the inverse map 4/“^ is dehned. 
Continuity of 4/ and its inverse follows from the dehnition of T. Now, 


computation (22) and the fact tha t FL i is a linear rescaling of a holo- 
morphic pair from 1C (c.f. Lemma 5.6, part (iv)) yields the conjugacy 
statement of property (hi). 
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The proof of property (iv) is analogous to the proof of (vi) from 
Proposition |5.9 and is based on the fact that according to Lemma [63 
Tl-piU) C Pf/ 3 y,h 2 ’ some domain f /3 D U, and by Montel’s theorem, 
a bounded set in i is pre-compact in □ 


Now we are ready to prove the hyperbolicity results for the renor¬ 
malization operator T^p. 


Definition 6.5. For a complex number a G C close to 3, we denote 
by 7^p,a the restriction of the operator T^p on the set U fl Pp 


7. Hyperbolicity of renormalization for odd integer a 


The goal of this section is to establish the following theorem: 

Theorem 7.1. For every B E N, the set Is is a uniformly hyperbolic 
invariant set for the operator with a complex one-dimensional 

unstable direction. Moreover, for every r E Zb and the corresponding 
local stable manifold the set hF^(r) fl (P|.-^)® consists of all 

uj E (Pp-^)® that are sufficiently close to r and such that pifr) = 


Before giving a proof of Theorem 
corollary: 


7.1 


we formulate its immediate 


Corollary 7.2. For every positive integer B > 0, there exists an open 
interval I = I{B) C M, such that 3 E I and for every a E I, the 
operator Tip^a- ^^Ppf^ ^Oih ® hyperbolic horseshoe attractor 
X% C (Pp-^)® of type bounded by B. The action of Tipon Xg is 
topologically conjugate to the shift : F_b —t Zb: 

— 1 N 

l^a O Tip,a O = <^ ) 


and if 

T = r_fc,..., r_i, ro, ri,..., rfc,...), 

then 

Pifr) = [ro,ri,...,rfc,...]. 

Moreover, for every r E Zb, corresponding local stable manifold 
W^ij) has complex codimension 1, and if tv E hF^(r) fl (P^--)®, then 

pUt) = p{U)- 


Remark 7.3. In Theorem 9T we will strengthen Corollary |7.2| by show¬ 
ing that for every r E Xg, the set iF®(r) fl (Pp-^)® consists of all uj E 

(P^-^)® that are sufficiently close to r and such that pifr) = p{fuj)- 


Proof of Corollary \Z^ For all a sufficiently close to 3, the operator 
Tlp^a can be thought of as an operator acting on a neighborhood of 
P^-^ by the correspondence (3,(/>,-0) 1 —>■ (3,0,'0), where 0 and 0 are 
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such that 7^p,a(a, 0,-0) = {a,((),'il!). Then this operator is a real- 
symmetric analytic perturbation of 7^p,3 in a small neighborhood of 
the attractor Zb of type bounded by B. Since this is a hyperbolic 
horseshoe attractor, it survives for a close to 3. 

For every r G Xg, the corresponding local stable manifold W^{t) 
must have complex codimension 1, and if ca G (P^ is such that the 


combinatorics of fr and are asymptotically different, then because of 
part |(ii) of Proposition 6.4 the point oo does not belong to fF®(r). □ 


We will prove Theorem 7.1 in the end of this section. Now let us 


start by formulating a theorem which is a special case of Theorem 2.19 
and Theorem 12.211 


Theorem 7.4. For any positive integer B > 0, the set Zb C 
is a uniformly hyperbolic invariant set for the operator TZcyi with a 
one-dimensional unstable direction. Moreover, for any f E Z and 
the corresponding local stable manifold hF^(/) C C^, the intersection 
hF*(/) n (C^)® consists of all critical circle maps g that are sufficiently 
close to f and such that p{g) = p(/). 


We proceed with the following construction: according to part 


of Lemma |5.6 


g EU, the map vr, 
(23) 


. 111 ) 

there exists a real number R > 0, such that for every 
go is defined in the disk D 2 _r. 


and 


vr, 


C 


'^2R/3- 


We denote by L the space that consists of all bounded analytic func¬ 
tions 0: —)■ C that are continuous up to the boundary, and satisfy 

the properties 0(0) = 0, and 0'(O) = 1. The space L equipped with the 
sup-norm forms an affine complex Banach space (L — Id is a complex 
Banach space). 


Definition 7.5. For each cylinder renormalizable map g EU,we define 
an affine operator Ag: L —?■ L by the formula 


where Cg is the canonical fundamental crescent provided by Lemma 5.6 


Condition (23) implies that the operator Ag is well-defined for every 
g eU, and it follows from Lemma 5.6 that Ag analytically depends on 
the parameter g. 


Definition 7.6. We set V =Ur\Cf and we define the operator 7Z: Lx 
V —>■ L X C? as the skew product 

= (413(0), T^cyip). 


The following lemma is an immediately corollary from (23) and 
Proposition 5.9 part (vi): 
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Lemma 7.7. For every k G L x V the differential DfR is a compact 
operator. 


We denote by JT” C L x V the image of the set 1C under the map 
(24) 

Note that the projection of the set J7 onto the second coordinate is 
the set /C. Similarly, for every positive integer B > 0, we denote by 
Jb C L X V the image of Xb under the map (24). 


Lemma 7.8. For every B G 'N, the set Jb is a forward invariant set 
for the operator TZ. 


Proof. For ( E Ib and the corresponding "H = "Ht; G Xb, let "Hi C Xb 
be the holomorphic pair FLi = FL-jinc^. Then for (7r^.j^(0) , fn) G Jb, 

we have 




= 71 , 


G-Hi 


(0) ■ TT, 




C CFb- 


(We notice that the last equality follows from (22).) 


□ 


For maps 0o ^ L and (7 G V, one can consider a sequence of iterates 
g)}. Restricting to the first coordinate, this corresponds to 
the sequence of functions (po, 0i = Agi^cpQ), 02 = ^ ~ 

A.A 2 (02),..., 0fe+i = A^k A4>k ),— For simplicity of notation we 

'"cyw ^cyl^ 

will write that cpk = A^^cpo), provided that (pk is defined. 

Lemma 7.9. There exists a positive real number z/ < 1 and a positive 
integer M > 0, such that for any m> M times cylinder renormalizable 
g eV and 01, 02 G L, we have ||y4™(0i)-.4^(02)11 < z/||0i-02||, where 
H\\ = SUP^sDfl 

Proof. Assume that ||0i — 02|| = cR^, for some positive real number 
c > 0. Then for all z G Hr we have the inequality 

101 ( 2 :) - 02 ( 2 :)! < c\z\^. 


We notice that if 5: G V is n-times cylinder renormalizable, then there 
exists a sequence Cn d ... d Ci C W of n nested fundamental crescents 
for g, such that TVffig = TZcmd^ 




for m < n. By part (hi) of Lemma 5.6 there exists a positive inte¬ 
ger M > 0 , such that for all m > M, if (7 G V is m-times cylinder 
renormalizable, then for the corresponding fundamental crescent Cm 
we have |(7rcl)'(0)| < 1/17. 
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Since is defined in the disk D 2 R, then again from Koebe Distor¬ 
tion Theorem it follows that 

< 4|(7r^^)'(0)| • |z|, 

for all 2 G V)r. Combining the above estimates, for all 2 ; G B)r we 
obtain 


l[4l^(0i)](2:) - [4l™(02)](^)| < WcA^)\ ■ l0i(7rciW) - 02(Tc;^(^))| 

1 fi 

< Itt^JO)! • c • 16|(vr^J'(0)Mzr < 

Thus, 

□ 


Lemma 7.10. For every B G N, the set J7b is a uniformly hyperbolic 
invariant set for the operator TZ with a one-dimensional unstable di¬ 
rection. Moreover, the stable manifold of every point (0, /) G J7b is 
L X W^{f), where W^{f) is the stable manifold of f for the cylinder 
renormalization itcyi- 

Proof. Since L is an affine Banach manifold, the tangent space to every 
its point can be naturally identihed with the same Banach space, which 
we denote by K. Let C be the stable bundle of the hyperbolic 

set Xr for the operator DlZcyi- Then the set 

E" = K X E" 


is an invariant subbundle of the tangen t bu ndle Tj^fL x C?) for the 

that the action of DTZ on 


7.6 


operator DTZ. It follows from Dehnition 
the second factor of is independent from the hrst factor. Hence, the 
differential DTZ uniformly contracts in the second factor of E^. 

Now by compactness of Jr, the derivative of Ag{(j)) with respect to 
g is uniformly bounded over all {4>,g) G J7b, and by Lemma 7.9, the 
derivative of Ag{(j)) with respect to (j) uniformly contracts. Together 
with uniform contraction in the second factor, this implies that the 
differential DTZ contracts in the hrst factor of E^^ as well. Thus, E^^ is 
the stable subbundle for the differential DTZ. 

In a similar way one shows that if E'^ is the unstable subbundle (in 
the sense of Dehnition 2.20) of the hyperbolic set Ib for the operator 


DTZcyh then = 0 x E^ is the unstable bundle for the operator DTZ. 
Since according to Theorem the hbers of E'^ are one-dimensional, 
so are the hbers of E^. Finally, by dimension count we see that there 
are no neutral directions, hence the set Jr is uniformly hyperbolic. □ 
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Proof of Theorem 7.1 
by the relation 


The analytic map <h: 


p3- -- 

U,t,h 


— j- L X C? dehned 


r = (3,0,'0) ^ 


is injective, since the maps <p and fr determine the map ip (c.f. Lemma 4.18). 
Now we notice that the map <h maps Xb to Jb and conjngates the oper¬ 
ator with the operator on the neighborhood of the invariant 

set Xb- Then Lemma 7.10 and Theorem |7.4| imply the statement of the 
theorem. □ 


Proofs of Theorems 11.1111.31 


Now we are ready to prove Theorems 1^, and 1.3[ As mentioned 
in the Introduction, we prove these theorems with the parameter k set 
to A; = 1. For A; > 1 the proofs are identical. 

Proof of Theorem M We set and dehne 77cyi as in Deh- 


nition 5.7 Then C“ = C", for all complex a in a suitably small 
neighborhood of 3, and Theorem 1.1 follows from Proposition 5.9[ □ 


Proof of Theorem I j. 4 We set to be an open subset of P|-HAY, 


where U is the same as in Lemma 4.22, such that the closure of in 


P^-, -r is contained in U and /C C M^. Then for all a G C which he in 

U,t,h 

a small open neighborhood of 3, the map can be dehned by 

{(p,1p) ^ fr, 

where r = {a,(p,ip) G It follows from Lemma 


4.22 


that the 

map la is analytic and analytically depends on a. Finally, for all a 
close to 3, we dehne lZa{(p,ip) = {(p,'ip), where (p and ip are such that 
7lp{a,(p,ip) = {a,(p,ip), whenever lZp{a,(p,ip) is dehned. 

The required properties of the operator IZa follow from Proposi- 

Analyticity of the map ia follows from 

□ 


tion |6.4| and Theorem 7.1 
Lemma 13.221 


Proof of Theorem\1.3\ The proof immediately follows from Corollary |7.2[ 

□ 


9. Global attractor, universality and rigidity 


9.1. Generalized critical commuting pairs. We start by general¬ 
izing the notion of a critical commuting pair to the case of an arbitrary 
real critical exponent. In order to make this generalization, we need 
to substitute the commutation relation with a more general condition. 


The following dehnition generalizes the class Ar from Dehnition 2.24 


Definition 9.1. For positive real numbers r, a > 0, the class Af con¬ 
sists of all pairs of real-symmetric analytic maps C = such that 

the following holds: 
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(i) the maps rj and ^ are analytic on the sets A^r([ 0 , 1 ])\(— cx), 0 ] and 
Nr\'n{o)\{I{) \ [0,+oo) respectively, where = [6,0] C (—oo,0], 
and Nr{S) C C stands for the r-neighborhood of a set S in 
C; fnrthermore, rj and ^ extend continnously to the bonndary 
of their corresponding domains, (here we distingnish the npper 
and lower bonndaries of slits); 

(ii) the maps rj and ^ can be locally represented as 

r] = 'ilJrjO o 0 ^ and ^ = 0^0 o 0 ^, 

where ipn, 0 g and 0 ^ are real-symmetric conformal maps in a 
neighborhood of the origin and 0 ^( 0 ) = 0 , 0 '^(O) = 1 ; 

(iii) the compositions = ^07] and v~ = r]o ^ are dehned in some 
neighborhood of the origin and can be represented in it as 

o o 0 ^ and z/" = o o 0 ^, 

where P(^ is a real-symmetric conformal map in a neighborhood 
of the origin; 

(iv) for every 2 ; G (0,1], we have r]'{z) > 0 and for every z ^ I^\ {0}, 
we have ^'( 2 ;) > 0 ; fnrthermore, p( 0 ) = 6 < 0 , .^( 0 ) = 1 and 
'K?(0)) = «rK0)) 6 

If a pair of maps ( = (p,0 belongs to for some r, a > 0, then 
we say that C is a critical commuting pair with critical exponent a. We 
also note that Ar <Z 


Definition 9.2. For a positive real r > 0 and a set J C (0, -|-cxd), we 
dehne 

Ai = U 

oi^J 

Similarly to the case with the class Ar, the map (|^ indnces a metric 
on A'l from the snp-norm on 

D(W([0, 1 ]) \ (-00, 0])) X D(W([0, 1 ]) \ (-00, 0])). 

We will denote this metric by dist^(•,•); since it coincides with the 
previonsly dehned metric on Ar- 

Renormalization of pairs from A'l is dehned in exactly the same 
way as renormalization of ordinary critical commnting pairs (c.f. Def¬ 
inition 2.5) and is determined by the dynamics on the real line. In 
particnlar, the n-th prerenormalization pTV^C, of C = (p ,0 ^ 
be viewed as a pair whose elements are certain compositions of p and 

We will say that the domains of the maps that constitnte pTl‘^(, are 
the maximal domains in C, where the corresponding compositions are 
dehned. 


Definition 9.3. We let .4." (or denote the set of all real-analytic 
pairs (p, 0 ) snch that an analytic extension of (p ,0 belongs to 4,“ (or 
A'l), for some r > 0 . 
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We think of critical commuting pairs ( from A'^ or A^ and their 
renormalizations TZ( as pairs of maps defined only on the real line, 
though having analytic extensions to some domains in C. 

It is convenient for our purposes to introduce a smaller class of critical 
commuting pairs: 


Definition 9.4. For positive real numbers r, a > 0, the class 13" C A^ 
consists of all C, = (rjA) G A°, such that the following holds: 

(i) the maps r] and ^ can be represented as 

T] = and ^ = 

where and are conformal diffeomorphisms ofpQ+(W([ 0 , 1 ])\ 
(-cx), 0 )) and Pa-{Nr\r,{o)\ih) \ ( 0 )+oo)) respectively; 

(ii) the compositions ^ o rj and v~ = p o ^ are defined in 

the domains \ (— cxo, 0 ) and \ ( 0 , +cxd) respectively, where 
f = min(r, r |r 7 ( 0 ) I), and there exists a conformal diffeomorphism 

—)■ C, such that = pc^o and z/“ = p^ o p„_; 

Definition 9.5. We let B°‘ (or B'’) denote the set of all real-analytic 
pairs such that an analytic extension of (p ,0 belongs to B^ (or 

B^), for some r > 0 . 


The following theorem is an expanded version of Theorem 
before, we define Eg = {1 ,..., 


1.4 


As 


Theorem 9.6 (Global renormalization attractor). For every k, B ^ 
N, there exists an open interval J = J{k, B) G M. and a positive real 
number r = r{k), such that 2k + 1 E J, and for every a E J, there 
exists an 71-invariant set C Bf with the following properties. 

(i) The action of 7Z on Xg is topologically conjugate to the shift 
a: Xb —t E^.- 

La o 7Z O = cr, 

and if 


( = lJ{..., r-k, • • •, r_i, ro, ri,..., rfc,...), 


then 

p{C) = [ro,ri,...,rfc,...]. 

(ii) For every ( E .4." with an irrational rotation number of type 
bounded by B, there exists M eN, such that for allm > M the 
renormalizations 7Z'^( belong to AT) and for every (' E Xg with 
piC) = piC), we have 

(25) dist,(7^”^C,^”'C') < C'A™, 

for some constants G > 0, A G (0,1) that depend only on B 
and a. 


We give a proof of Theorem |9.6| in Section |9.4[ We note that Theo¬ 
rem 


1.4 is an immediate corollary of Theorem 9.6 
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9.2. Generalized holomorphic commuting pairs and complex 
bounds. 


Definition 9.7. Let ( = be either an element of some class 

13“ or a linear rescaling of such an element. We say that ( extends 
to a holomorphic commuting pair with critical exponent a, if there 
exist domains U,V,D, A C C that satisfy the same conditions as the 
corresponding domains in the definition of a holomorphic commuting 
pair (c.f. Section 2.8), and the following properties hold: 

(i) r] and ^ extend to analytic maps 17: {UUD)\ (—00,0] —>• C and 
{V U D)\ [0, + 00 ) —)■ C respectively and 

f] = iir,o pa+ and I = -05 o 


where ^|Jr^ and are real-symmetric conformal diffeomorphisms 
of Pa+iU UD \ (— cx), 0)) and Pa-iV UD \ (0, -l-C)o)) respectively; 
(ii) t)\u is a conformal diffeomorphism of U onto (A \ M) U ri{Iu), 
where lu = f/flM, and .^|y is a conformal diffeomorphism of V 
onto (A \ M) U ri{Iv), where Jy = Id fl M; 

(hi) the compositions ^ o fj and = 1] o ^ are defined on 

the sets D \ {— 00 , 0) and D \ (0, -|-oo) respectively and can be 
represented in these sets as z/+ = -0 o p^_^_ and z/“ = -0 o 
where "0 is some conformal real-symmetric map; furthermore, 
we have El fl z/+(D \ (—cxd, 0)) = El fl z/“(D \ (0, -I-cxd)) = EI fl A; 


We let H“ denote the space of all holomorphic commuting pairs with 
critical exponent a. It follows from the above definition that C H, 
where H is the same as in Section 12.81 

For a subset J C (2, + 00 ), we let be the space of all holomorphic 
commuting pairs with critical exponent a in the set J. This space can 
be equipped with the Caratheodory convergence in exactly the same 
way as the space of ordinary holomorphic pairs H, namely, by view¬ 
ing an element of H as three triples {U, ^(0), r;), (V, 17 ( 0 ), 0, {D, 0, i/+). 
Similarly, we define the modulus of a holomorphic pair "H = (r^, G 
in the same way as for an ordinary holomorphic pair from H. We de¬ 
note the modulus of Ti by mod('H), and we say that the domain A in 
the above definition is the range of a holomorphic pair Tf, and Ch G 
is the commuting pair underlying Ti. Finally, we define the prerenor¬ 
malization pTZ{'H) and the renormalization TZ{'H) of a holomorphic pair 
H with critical exponent a in the same way as we defined renormal¬ 
ization of ordinary holomorphic pairs. In particular, we note that the 
ranges of T-L and p7l{l-i) are the same. 


Definition 9.8. For fi G (0,1) and a closed set J C (2,-fcx)), we 
let C be the space of all holomorphic commuting pairs 

n = {rj,0 e with corresponding domains A^, such 

that all properties (i)-(v) from Definition 2.22 hold. 
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Lemma 9.9. For each /x G (0,1) and a closed set J C (2,+C)o), the 
space is sequentially compact. Furthermore, if a sequence of 

holomorphic pairs {Hk | fc G N} C H'^(/x) with corresponding critical 
exponents converges to a holomorphic pair with critical exponent a, 
then limfc_,.oo = a. 


Proof. Exactly the same argument as in the proof of Lemma 2.23 (c.f. 


Lemma 2.17 from lYamOlj ) shows that every sequence of holomorphic 
pairs from H'^(p) has a subsequence that converges to a holomorphic 
pair that satishes properties (i)-(v) from Dehnition 2.22 In order to 


complete the proof, we need to show the convergence of critical expo¬ 
nents. 

Consider a sequence ■ G of holomorphic pairs with 

corresponding critical exponents ai,a 2 ,... and let Uk,Vk,Dk denote 
the corresponding domains of the maps that constitute the holomor¬ 
phic pair FCk- We note that because of property |(iv) 


tion 2.22 


from Dehni- 


Caratheodory convergence of these domains is equivalent to 
Hausforff convergence of f/^ H H, 14 fl El and fl El. Furthermore, 


properties (ii) and (iv) from Dehnition 2.22 imply that all domains Df- 
contain a disk of some hxed positive radius, centered at zero. Then it 
follows from property (i) of Dehnition 9.7 that all boundaries dUk con¬ 
tain a straight line segment of hxed positive length with one endpoint 
at 0, forming angle n/ak with the ray [0, -|-cxd). Now convergence of 
the domains Uk implies convergence of the critical exponents □ 


The following Theorem was proved by the second author in |Yam99] 
for critical commuting pairs in the Epstein class with a = 3, the proof 
was later generalized in [dEdMOn] to remove the Epstein class con¬ 
dition. The proof extends to the case of a general a > 2 mutatis 
mutandis. 


Theorem 9.10 (Complex bounds). For every bounded set .J C 
[2,-|-oo), there exists a constant /i = /i(J) > 0 such that the following 
holds. For every positive real number r > 0 and every pre-compact fam¬ 
ily S <Z Bf of critical commuting pairs, there exists 77 = iL(r, S') G N 
such that if ( E S is a 2n times renormalizable commuting pair, where 
n > K, then pTV^C, restricts to a holomorphic commuting pair Fin with 
range A„ C W(7t,) U Yr(4). Furthermore, the range A„ is a Euclidean 
disk, and the appropriate affine rescaling of Fin is in H'^(p). 


9.3. The maps between and Let Wn denote the set of all 

* ^ U,t,h 

T G 7/U(Pp j;^)® for which Fifij) is dehned. Then this implies that the 
rotation number of the generalized critical circle map fr has at least 2N 
elements in its continued fraction expansion. Let pFV^fr = , ff") 

be the m-th prerenormalization of the circle map fr considered in the 
sense of commuting pairs (c.f. Dehnition 2.8). Then one can consider 
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a map $: Wq —)■ defined by 

$: r = (a, 0, -0) {ho (j) o /®iv q q ho (po o 0“^ o 

where h{x) = x/0(/r^^"^(0“^(O))). In other words, ^(t) is the {2N — 
l)-st prerenormalization f^-, taken in 0-coordinate and then 

rescaled so that the hrst map in the pair acts on the interval [0,1]. 

For Ti = (ai,0i,0i),r2 = ( 02 ,02,02) e we dehne 


distp(ri, T 2 ) = \ai - 02 ] + snp \(f>i{z) - 02 (^)| 

zeu 

-h mf snp 101 ( 2 ;) - 02 (^)| , 

002 01mz|</i / 

where the inhnum is taken over all 0 i ,02 that are lifts of 0i and 02 
respectively via the projection ([^. We note that distp(-, •) is a metric 
on the Banach manifold induced by the norm in the Banach 

space that Puih is modeled on. 

The following two lemmas establish a relation between the two met¬ 
rics distr(-, •) and distp(-, •) in a neighborhood of the attractors Xb and 
Xb respectively. 


Lemma 9.11. For any B & N and any closed interval J C I{B), where 


I{B) is the interval from Corollary 1.2,, there exist positive eonstants 
C = C{B, J) > 0, r = r{B, J) > 0 and an open set Ub,j C Uq, such 
that the following holds: 

(i) 


u 

adJ 


1b C Ub,.b 


(a) for every T G Ub,j, the critical commuting pair ^{t) analytically 
extends to a pair from Bf and for any ti,T 2 G Ub,j we have 
distp(ri,r2) > Cdist0<h(ri),_$(r2)). 

(Hi) for every r = {a^p^fj) G Ub,j with a ^ J, the seguence of 
iterates 

np{T),nUT),nUT),... 

either eventually leaves the set Ub,j, or stays in it forever and 
eonverges to the attractor X%. 


Proof. The set UagjX^ is compact, hence there exists a positive real 
number r > 0, such that for every r G UagjX^, the critical commuting 
pair <F(r) analytically extends to a pair from and we can choose 
an open set Vb,j C Uq, so that Ua^jX% C Vb,j, and for any r G Vb,j, 
the pair ^(t) analytically extends to a pair from Bf. 

Let i be the map dehned in (|^. Since according to Lemma 
the map fr analytically depends on r, it follows from the dehnition 
of the map <I> that the composition i o <I) is an analytic map from 


4.22 
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the neighborhood Vb,j C 'Pfjih to the Banach space D(iVr([0,1]) \ 
(-CX), 0]) X D(iV^([0,1]) \ (-00, 0]). 

The derivative of an analytic operator is locally bounded, which 
means that there exists a constant c > 0 and an open set Vb,j C Vb,j^ 
such that UcgjX^ C Vb,Ji and ||-Dr(^ ° ‘^)ll < c, for all r G Vb,j. 

Since the set UQgjX^ is compact, the set <h(UQ,gjXg) is also compact, 
hence it has a hnite diameter with respect to the Banach norm. Finally, 
we choose an open set Ub,j C Vb,j so that UogjX^ C Wb,j, the set 
^{IAb,j) has a hnite diameter D > 0, and if Ti, r 2 G Ws,j, distp(ri, T 2 ) < 
e, for some sufficiently small £ > 0, then ti and T 2 can be connected by 
the shortest geodesic contained in Vb,j- Now it is easy to check that 
for any ri,r 2 G Ub,j and C = min(c, e/D), the inequality 


distp(ri,r2) > C||z($(ri)) -i(<F(r2))|| 
holds, which immediately implies property 


of the lemma. 


Finally, it follows from Corollary 7.2 that shri nking the open set 


Ub^j if necessary, we can guarantee that property 
also holds. 


Ill 


of the lemma 

□ 


Lemma 9.12. Fix i? G N and /i = /i(/), where I = I{B) is the 
interval from Corollary 7.^ and fi{I) is the same as in Theorem 9.10 


Then there exists a set Wp C 
that the following properties hold: 


and a map : Wb —t P 


U,t,h! 


such 


(i) TV’s is the projection of an open neighborhood VVp C 
under the map (ju, o-'<^d Xb C Wp; 

(a) for every integer m > 0, the following holds whenever both sides 
are defined: 


T(77'"^($(r))) = 


(Hi) for every integer m > 0, the following holds whenever both sides 
are defined: 


(iv) there exists a closed interval J C I, such that 3 G J lies in the 
interior of J and 

C Ub,j, 

where Ubj is the set from Lemma 

(v) there exist two real constants s > 0 and C = C{B,a) > 0, 
such that every ( G Wp analytically extends to a pair from 
Bl, and for any C 1 X 2 ^ VVb with critical exponent a, we have 
dist,(Ci,C2) > Cdistp(d'(Ci),d'(C2)). 


9.11 


Proof. Lemmas |4.16| , 4.17 and |4.18| provide a continuous mapping 

H HA 
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the fundamental 
can be chosen 


from 1C C to According to Lemma 4.6 

crescent of a holomorphic pair Ti and its fattening 
to depend locally continuously with respect to H G H'^(/r). Then since 
AC is a countable union of nested topological Cantor sets, the standard 
argument from the proofs of above mentioned lemmas shows that the 
map T continuously extends to some open set W C such that 

}C C >V, and for every H with T('H) = (a, 0^, the identity 

(26) 7rc„ o O ° '^4.u,a,i ° 

holds in the domain { 2 ; G C | | Re^| < 1 / 2 ; | Im 2 ;| < r 2 }, where r 2 > 0 

the family of maps {tt^ | {a, 0) G Bp- 
and R'^^{z), R^^{z) are the hrst returns 


is the same as in Lemma 
is the same as in Lemma 


5.6 


4.18 


of t)[z) and .^( 2 ;) respectively to the fundamental crescent C'n und er the 
dynamics of R. (Here 17 and ^ are the same as in Dehnition 


9.7 


We note that if W C is the projection of the set W under the map 
Tf I— )■ C-R and h: W —>■ W is some continuous lift of W with respect to 
this projection, then the map 

4/ = T o h 


dehned on the set W, satishes properties (ii) and (iii) of the lemma 


Furthermore, for every H G N we can choose an open subset VCb C W, 
such that Xb C VV^, and dehne Wb C W as the projection of this set 
under the map 77 e->• C-h, so that the restriction of T to Wb satishes 


property (iv 


Now we will show, that possibly, after shrinking the set Wb and 
correspondingly its projection TV’s, we can establish property 


V, 


First of all, since every holomorphic pair 77 C AC restricts to a pair 
from ^ 28 , for some constant s > 0 independent of 77, by shrinking 
the open set Wb if necessary, we can guarantee that every 77 C Wb 
restricts to a pair from B[. 

Now we note that for every 77 = (r;,^) G Wb and the correspond¬ 
ing triple {a, (j)n,'ilJn) = ^(^)) the map 0^ is completely determined 


by the map rj. Furthermore, according to Lemma |4.6[ at every such 
rj\ U-u —)■ A-^, the correspondence rj ^ extends to a locally ana¬ 
lytic map from a neighborhood in 0(77^) to D(77), where Ub is some 
open set, compactly contained in Ub- Analyticity of this map implies 
local boundedness of its derivative, and the Koebe distortion theorem 
implies that for all 77o = ( 170 ,^ 0 ) from some neighborhood of 77 in Wb, 
we have 

sup \r]o{z)\ > Cl snp \r]o{z)\, 

2SAs([o,i]) zW-h 

for some universal constant Ci > 0. Now, arguing in the same way as 
in the end of the proof of Lemma 9.11[ using the above inequality and 
analyticity of the map rj (pB from D{Ub) to D(t/), we conclude that 
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possibly after shrinking the neighborhood Ws, the following conditions 
are satished: Xb C Wb and for evrey G Wb, the inequality 

dists{'Hi,'H2) > C2sup \4>ni{z) - 4>n2{z)\ 
zeu 


holds for some constant C 2 > 0 , independent from XLi and '^ 2 - 


Similarly to how it is done in the proof of Lemma 4.18 


we can 


represent the left-hand side of (26) as 

i^Cn ° Rcn ° = ^Cni9{P4>n,c.±{z))), 

where 5 ^ is a conformal map that is a composition of a linear rescaling 
by pQ,_(l/ 7 r^^( 0 )), the map from property 


11 


of Dehnition 9.4 and 


a hnite number of the maps p. Combining this with (26), we get that 

^l,B = nc^ogo7r-l^-, 

so 'ipB analytically depends on 0^ G G D(Df£.) and p G 

D(Ats([0 ,l]) \ (— 00 , 0 ]), hence has a locally bounded derivative with 
respect to each of them. Finall y, applying the argument from the 
end of the proof of Lemma 9.11 shrinking the open set Wb and its 

of the lemma 


projection Wb again if necessary, we obtain property 


while property (i) remains true 


V 


□ 


9.4. Global attractor, 
rem 19.61 


Now we are ready to give a proof of Theo- 


Proof of Theorem 9^. We will give a proof for the case k = 1. For 
other A; G N the proof is identical. 

Let / C M be the interval from Corollary 7_^ Then for every a & I, 
we dehne 

Ib = tys)- 


It follows from Lemma 4.23 and the choice of the constant N, made in 
Section 5^, that for all a from some open interval Ji C M with 3 G Ji, 
every element of *h(X^) extends to a holomorphic commuti ng pa ir from 
Wb, where Wb is the same as in property (i) of Lemma 
for all a G Ji, we have 

Xg C Wb. 

Furthermore, since acco rding to Corollary |7.2i the operator TZp is bi 


9.12 


Thus, 


jective on Xbi property (ii) of Lemma 9.12 implies that the map <h 


provides a bijection, hence a homeomorphism, between Xg and X\ 


B- 


This homeomorphism, composed with the map Ka from Corollary |7.2 
induces a homeomorphism 


Xg —)■ Xb- 


First, we will prove part (ii) of Theorem 9.6 only for G 
start with a proposition: 


We 
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Proposition 9.13. Let jj, = jjL{I) he the same as in Theorem 9.10 
Then there exists an open interval J 2 C / and a positive integer L eN, 
such that 3 E J 2 and if a commuting pair ( E with an irrational 
rotation number of type hounded by B extends to a holomorphic com¬ 
muting pair from then TZ^C ^ ^b- 

Proof. It follows from compactness of H^(/r) and real a priori bounds 
[HerSGi IYoc84j that there exists a positive integer > 0, snch that for 
every PL E with p{Ch) of typ® bonnded by B and every k > K, 

the range of the renormalization TZ^iPL) contains a disk of radins 2//r. 
Then, since the s et X| is a global attractor of type bonnded by B 
(c.f. Remark 2.17), and the class H^(p) is seqnentially compact, there 
exists a positive integer L > K, snch that for every PL E with 

p{Cn) of type bonnded by B, the renormalization PZ^iPL) restricts to 
a holomorphic pair Q E VVs, where VV^ C is an open set from 


property (i) of Lemma 9.12 


Finally, by continnity and sequential compactness of we con¬ 

clude the existence of an open interval J 2 with 3 E J 2 , such that for 
every PL E with p{Ch) of type bounded by B, the renormaliza¬ 

tion PZ^{PL) restricts to a holomorphic pair from Wb. This completes 
the proof of the proposition. □ 

We dehne J = Ji ft J 2 an d we set f = mi njs, r{B, J)}, where s is 

of Lemma 9.12 and r{B, J) is the same 
Assume that ( E B°‘ 


the same as in property 


as in Lemma 9.11 


is of type bounded by B. 


for some a E J, and p{() 
Then, according to the complex bounds 
(Theorem 9.10), there exists an integer K > 0, such that for all k > K, 
the renormalization TZ^( exten ds to a holomorphic commuting pair 
from Then Prop osit ion |9.13| im plies that PZ^~^^( E Wb- Now 

it follows from property (v) of Lemma 9.12 that extends to a 


commuting pair from Bf, and, hnally, exponential convergence (25) for 
any r < r follows from properties (hi) |(v)|of Lemma 9.12 together with 
Lemma 9.11 and Corollary 7.2[ 

Now we will prove part (ii) of Theorem 9.6 for all ( G .4,“. Assume, 
( G A°‘ has an irrational rotation number of type bounded by B. Then 
according to the real a priori bounds jHer86( IYoc84j . there exists a 
positive integer K > 0, such that the dynamical intervals of pPZ^C, are 


contained in the domain of the map 0^ from Dehnition 9.1 Thus, there 
exists a conformal map 0o with 0o(O) = 0 and 0o(O) = 1, such that 
^ ° ^0 o 00, 00 ^ o ^0 o 0o), where Co = (ho, Co) e B^. 

Now it is easy to check that for every n G N, we have 


77^+^C = (0n' ° hn O 0n, 0n ^ O Cn O (j)n), 
where Cn = (hn,Cn) = TZ^'Co, and 0„ can be dehned recurrently by 

(z) = -3^TVy0n-l(hn-l(O)2:). 


(27) 


hn-l(O) 
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Since Co ^ -6“, the above argument implies that all sufficiently high 


renormalizations of Co he in and exponential convergence (25) with 


r < f holds for these renormalizations. At the same time, real bounds 
and (27) imply that the domains of the maps increase exponen¬ 
tially, and the maps 0^ converge to the identity map exponentially fast 
in sup-norm on any compact set. This implies that all sufficiently high 
renormalizations of belong to the class J^i 2 i and satisfy the ex¬ 
ponential convergence condition (25) for all r < f/2. This completes 
the proof of part (ii) of Theorem 9.6[ 


Finally, we give a prove of part (i) of Theorem 9.6 It follows from 


the construction of the map d*, that this map conjugates the operators 
'R-v,ct and on the sets Xg and Xg respectively. This implies that 
the set 77.(Xg) is an invariant set for the operator 77.^. Then it follows 
from part (ii) of Theorem 9.6 that 77.(Xg) C Xg. This means that the 
composition iao7loi~^ is dehned for all a G J and depends continuously 
on a. Then since is a totally disconnected space, this composition 

(i) of Theorem 9.6 follows from 

□ 


must be independent from a. Now part 


the fact that for a = 3, this composition is the shift a. 


9.5. Proof of Universality (Theorem 1.5). Let B, N be as before 


Denote 0 G Xg the periodic orbit of TZ given by 

^ 0 


(Theorem 9.6). Let I be sufficiently large, so that for some real number 

> 0 and for all t G [—ti, ti], the domain of dehnition of the prerenor¬ 
malization pB}ft = is contained in V 2 - It follows from complex 

bounds (Theorem 9.10) that possibly, after increasing I and decreasing 

> 0, the commuting pairs 

Ct = {ht ocf^ofjto (p-^ o hi O o Ii o 07 ^ o 

where ht{z) = 2;/0t(.^t(07^(O))), belong to and extend to holomor- 
phic pairs from H“(p), for all t G [—ti, ti]. Then according to Proposi¬ 
tion 9.13 after further increasing I and decreasing ti > 0, we can make 
sure that (t £ VVb, for all t G [— Then r* = 'L(Ct) is dehned for 
all t G [—and tq belongs to the local stable manifold of 'L(6'). 

It was shown in |Yam02j (Lemma 9.3) that the condition 

d 

inf —fAx) > 0 

implies that the tangent vector to the family {frt} at f = 0 lies inside 
an invariant cone held C dehned on the tangent bundle to the set of all 
inhnitely cylinder renormalizable / G Cf. Furthermore, it was shown 
in |Yamn2] that this cone held is expanded by DlZcy\. Pulling back 
C by the analytic mapping r fr, gives a cone held C' dehned on a 
subset of the tangent bundle of It follows from Proposition |6.4 


that C' is invariant and expanding under the map DlZ-p^a- Since the 
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tangent vector to the family {rt} at t = 0 lies in C', the expanding 
property of C implies that the family {rt] intersects the local stable 
manifold hhjQ^(\['(6')) transversely. Now the statement of Theorem 1.5 


follows immediately, with d being eqnal to the absolnte valne of the 
nnstable eigenvalne of the linearization of 7Zp ^ at tl'(6'). 


9.6. Proof of C^’''^-rigidity (Theorem 1.6). The proof repeats iden¬ 


tically the argnment from |dFdM99] . We show that exponential conver¬ 
gence of renormalizations in the case of bonnded combinatorics implies 
C^’''^-rigidity. 

For a critical circle map /: R/Z —)■ R/Z with an irrational rotation 
nnmber, let Im be as in and dehne The dynamical 

partition of level n, associated to /, is dehned as 

p„(/) = {L-I. /Li. ■ ■ ■. d) u {/„, ..., 

The intervals from Vn{f) partition the circle modnlo the endpoints, 
and Vn+i{f) is a rehnement of the partition Vn{f)- 

The following proposition is a reformnlated version of Proposition 4.3 
from |dFdM99] . 

Proposition 9.14. Let f be a critical circle map with an irrational 
rotation number of type bounded by B, and let h: R/Z —)■ R/Z be a 
homeomorphism. If there exist constants C > 0 and 0 < A < 1 such 
that 

|/| \Ki)\ 

\J\ 


\h{j)\ 


< cy- 


for each pair of adjacent atoms I, J E Vn{f), for all n > 0, then h is a 
-diffeomorphism for some /3 > 0 that depends only on X and B. 


Proof of Theorem 1.6. According to the real a priori bonnds |Her861 


IYoc84] . the length of a maximal interval in Vn{f) goes to zero as n —>■ 
oo. This implies that, given two critical circle maps /i ,/2 with the 
same irrational rotation nnmber, there exists a nniqne homeomorphism 
h: R/Z —)■ R/Z that maps 0 h->• 0 and conjngates fi with / 2 . Now if 
the rotation nnmber of fi and fj is of combinatorial type bonnded by 
B, and the critical exponent of fi and /2 lies in the nnion Uk£f>}J{k, B), 
then Theorem |9.6| together with the Koebe Distortion Theorem imply 


that the homeomorphism h satishes the conditions of Proposition 9.14 
hence is a C'^’''^-diffeomorphism. □ 
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